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ABSTRACT

We study various quantum invariants and skein modules of 3-manifolds and their
relationship to each other and to classical invariants of 3-manifolds. We study, in
particular, how quantum invariants and classical invariants (homology) reflect peri-
odicity of 3-manifolds. The first chapter is devoted to Turaev-Viro invariants. We
show that each Turaev-Viro invariant is a sum of three invariants, study properties
of the summand invariants and establish certain relationships. We solve a conjecture
due to Kauffman and Lins and provide a simple and effective criterion answering
whether two given lens spaces are distinguished by Turaev-Viro invariants or not.
Chapter 2 is probably the most interesting chapter of the theses. We develop a spe-
cial surgery presentation for p-periodic 3-manifolds and prove the following result: f
a closed orientable 3-manifold M admits an action of a cyclic group Z, where p is an
odd prime integer and the fized point set of the action is S* then H,(M;Z,) # Z,. We
also provide a similar criterion for the 2-periodic rational homology 3-spheres. Chap-
ter 3 studies how quantum invariants reflect periodicity of 3-manifolds. We consider
Dijkgraaf-Witten invariants and the simplest known quantum invariants discovered
by H. Murakami, T. Ohtsuki, and M. Okada. In the last chapter, Chapter 4, we
study some simple skein modules (S and S,) and their relationship with quantum in-
variants. We show how to construct Murakami-Ohtsuki-Okada invariants from these
skein modules using Lickorish’s method. In Section 3 of Chapter 4 we will show
that if ¢ is a root of unity then no other invariants can be obtained using Lickorish
method on § and S;. We also study Deloup invariants and their relationship with the
tensor product of two copies of So(M; R, ¢). In Appendix A we show how to define
Dijkgraaf-Witten invariants using singular triangulations and simple 2-skeletons of
3-manifolds. In Appendix B we present tables with values of Turaev-Viro invariants
for 239 closed oriented 3-manifolds of small complexity. The values are presented as
cyclotomic integers. In Appendix C we show how to determine linking pairing of a

rational homology 3-sphere from its rational surgery presentation.
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INTRODUCTION

Topology of 3-dimensional manifolds is a rich and interesting subject, and until now
there is no definite way to decide whether two arbitrary chosen 3-manifolds are topo-
logically equivalent (homeomorphic) or not. One of the possible ways to solve this
problem is to find a sufficient set of invariants for 3-manifolds—functions on homeo-
morphic classes of 3-manifolds with values in more familiar algebraic structures, such
as fields, rings, groups, modules. Thus, every discovery of a new 3-manifold invariant
is very important. An astonishing breakthrough in this area happened in the end
of 80s, when E. Witten outlined a new way for constructing 3-manifold invariants
with values in complex numbers [Wi|. First realizations of Witten’s ideas carried out
by Reshetikhin and Turaev [RT], Turaev and Viro [TV], Dijkgraaf and Witten [DW]
proved that the new approach was extremely productive. The new invariants ap-
peared to be different from any other invariants previously known. Some of Witten’s
techniques and methods came from quantum physics, that is one of the reasons why
the new invariants are sometimes called quantum invariants of 3-manifolds.

Another type of 3-manifold invariants are skein modules, introduced independently
by J. Przytycki in 1987 and V. Turaev in 1988 (see [Prl] and [Pr2| for an overview).
These invariants are similar in nature to homology groups, but in general are much
stronger, and much harder to compute. It turned out that the quantum invariants
and skein modules are related in several very intriguing ways. In particular, most of
quantum invariants can be defined using skein theoretical language. The first result
in this direction is due to Lickorish ([Li2], [Li3], [Li4]) who constructed Reshetikhin-
Turaev invariants using Kauffman bracket skein module.

In this thesis we will study various quantum invariants and skein modules of
3-manifolds and their relationship to each other and to classical invariants of 3-
manifolds. We will study, in particular, how quantum invariants and classical in-

variants (homology) reflect periodicity of 3-manifolds.
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The first chapter is devoted to Turaev-Viro invariants. These invariants can be
defined using convenient and natural presentations of 3-manifolds, such as simple
and special spines, triangulations and Heegaard diagrams. This allowed us to notice
and prove a few interesting properties of the invariants. Turaev-Viro invariants are
parameterized by a root of unity ¢, thus it is convenient to denote them by TV (M),,

where M is a 3-manifold. Some of the interesting results of Chapter 1 are outlined
in the following two theorems (see also [S1], [S3], [S4], [S5]).

THEOREM. (Remark 1.2, Theorem 1.5, Corollary 1.6) Every Turaev-Viro invariant
TV (M), can be naturally split into three non-trivial invariants TVy(M),, TVi(M),,
and TVy(M),.

THEOREM. (Theorem 1.11, Corollary 1.12)
TVn(M), = (-1)NTVN(M)_,, where N € {0,1,2}
1
TVo(M)q +TVa(M)g = 5 (TV(M)q + TV (M)_y), and

TV(M), = 5(TV(M), — TV(M)_).

In Section 6 of Chapter 1 we solve the following conjecture (see also [S5], [S3]):

CoNJECTURE. ([KL1]) Consider an arbitrary closed 3-manifold M, and let X be a
special spine for M. Let n, be the number of closed surfaces contained in X that
have even Euler characteristic and n, the number of closed surfaces in X that have

odd Euler characteristic. Let ¢ = ¢27/8

. Then (i) either n, = n,, or n, = 0, and
this alternative is invariant for every special spine of M; (ii) n, = 0 & TV (M), =

TV(M)_, € Z.

As for any new invariant, it is important to know how strong it is. Usually, the
first test to make is to check how well it distinguishes lens spaces. The next theorem
from Section 7 of Chapter 1 gives a simple and complete answer to this question (see

also [S2]). For any v € Z define a function h,: Z — Zy by the formula



1 ifz=44+1 moduwv
W):{

0 ifx#+1 modwv

THEOREM 1.27. Two lens spaces L(p1,q1) and L(ps,qo) are not distinguished by

Turaev-Viro invariants iff p1 = p2 = p and for any divisor v > 2 of p we have
hv(Ql) = hv(Q2)-

Chapter 2 is probably the most interesting and useful part of this dissertation. It
is based on the paper [PrS] written recently in collaboration with Jézef Przytycki.
Using surgery presentation for p-periodic 3-manifolds, developed by Jézef Przytycki

(see Theorem 2.1) we prove the following intriguing result:

THEOREM 2.3. If a closed orientable 3-manifold M admits an action of a cyclic

group Z, where p is an odd prime integer and the fized point set of the action is S*
then H\(M;Z,) # Z,.

Note that this theorem provides a non-trivial criterion for 3-manifolds admitting
the described action. The simplest examples of 3-manifolds with H,(M;Z,) = Z, are
lens spaces Lyy 4 (or more generally, (pn/q) Dehn surgeries on knots in S3).

Theorem 2.3 was first announced as a conjecture! and partially proven? in April
of 1999 [S9]. Recently (November, 1999), Adam Sikora announced a proof of the
theorem [Si]. In fact, using some classical but involved algebraic topology, he obtained
more general results implying our theorem. The surgery presentation of periodic 3-
manifolds developed in Section 1 of Chapter 2 allowed us to find an elementary proof
of Theorem 2.3.

Theorem 2.3 is not true for p = 2, see Remark 2.20. An interesting criterion for

2-periodic rational homology spheres is provided by the following theorem.

THEOREM 2.4. Let M be a rational homology 3-sphere such that the group H,(M;Z)

does not have elements of order 16. If M admits an orientation preserving action of

IThe conjecture was obtained as a result of extensive computations performed with a program
written in Mathematica.

2In the case when the orbit space of the action can be obtained from S by an integer surgery
on a knot.
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Z, with the fized point set being a circle then the canonical decomposition of the group
H,(M;Z) has even number of terms Zy and even number of terms Z4, and arbitrary

number of terms Zg.

Chapter 3 of the thesis studies how quantum invariants reflect periodicity of 3-
manifolds. We consider Dijkgraaf-Witten invariants ([DW]) and the simplest known
quantum invariants discovered by H. Murakami, T. Ohtsuki, and M. Okada ([MOO]).
This part of our research was largely influenced by P. Gilmer’s paper [G], where he
obtained similar results for Reshetikhin-Turaev and Turaev-Viro invariants, and by
ideas of J. Kania-Bartoszyniska and J. Przytycki in [KB-Pr].

Denote by MOO% (M) the Murakami-Ohtsuki-Okada invariants of order N (renor-

malized as in Section 1 of Chapter 3). We prove the following theorem:

THEOREM 3.6. Let M be a closed oriented 3-manifold and Z, acts on M with the
fized point set St for some prime p. Let M, be the orbit space of the action. If N is

an odd integer coprime to p, then

(MOON(M,))? (mod p) if N=1 mod 4,

MOON(M) = {;l;(MOOR/(M*))p (mod p) if N =3 mod 4.

Theorem 3.6 does not provide any restrictions for 3-manifolds to be p-periodic (see

Remark 3.7). A non-trivial periodicity criterion is given by the following theorem.

THEOREM 3.8. Suppose that a closed orientable 3-manifold M admits a Z, action
with the fized point set equal S' for some odd prime p. Then either MOO;(M) = +1,
or MOO;(M) =0 (mod p).

Let DWg (M) € Z[ﬁ, q] be the Dijkgraaf-Witten invariant for a finite group G

and « € H3(G,Q/Z). We conclude Chapter 3 with the following result:

THEOREM 3.13. Let p be a prime number and M be an oriented 3-manifold such
that Z,, acts on M. Let M, be the orbit space of the action, that is M, = M/Z,. For
any finite group G whose order is not divisible by p and for any o € H*(G; Q/Z) we
have

DWego(M) = (DWgo(M,))?  (mod p).



In the last chapter, Chapter 4, we will study some simple skein modules and their
relationship with quantum invariants.

In 1990 Lickorish showed how to construct Reshetikhin-Turaev (SU(2) ) invariants
from the Kauffman bracket skein module (see [Li2], [Li3], [Li4]). Recently, Y. Yokota
constructed other quantum SU(N)-invariants using Lickorish method on HOMFLY
skein module [Yo]. For an overview and some generalizations of Lickorish method see
[B]. In Section 1 of Chapter 4 we define the simplest known skein modules, S and S,
(the later is also known as the g-analog of the first homology), and Lickorish’s method
for constructing 3-manifold invariants. In Section 2 of Chapter 4 we will show how
to construct Murakami-Ohtsuki-Okada invariants ([MOO]) using Lickorish’s method.
In Section 3 of Chapter 4 we will show that if ¢ is a root of unity then no other
invariants can be obtained using Lickorish method on S and S (see Theorem 4.7).

Deloup’s invariants 7(M, G, £) (see [De]), essentially introduced by his teacher V.
Turaev via a simple example of modular categories [T2], are an interesting general-
ization of the Murakami-Ohtsuki-Okada invariants for 3-manifolds. Here G is a finite
abelian group and ¢ : G — Q/Z is a quadratic form. Deloup showed that these in-
variants depend only on the first Betti number and the linking form of the manifold.
Recently, Deloup and Gille proved that these invariants keep all the information about
the linking form and the first Betti number ([DG]). Moreover, they proved that all
the information can, in fact, be recovered from two special cases: 7(M, Zyn, (1/p")),
for prime p, and 7(M,Zyn X Zon,Qy,). Here 7(M,Z,n, (1/p")) coincides with the
Murakami-Ohtsuki-Okada invariant of order p", and @), is the quadratic form defined
by Qn(z,y) = zy/2"™. As we mentioned above, Murakami-Ohtsuki-Okada invariants
can be obtained using Lickorish construction on the skein module Ss (g-analogue of
the first homology). Later in Chapter 4, we show that 7(M, Zox X Zgn,@,,) can be
similarly defined using another simple skein module, we call it dichromatic skein mod-
ule, which turned out to be the tensor product of two copies of S;. The structure of
the dichromatic skein module is studied in Section 5 of Chapter 4.

In Appendix A we revisit Dijkgraaf-Witten invariants and show how to define them

using singular triangulations and simple 2-skeletons (a generalization of simple and
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special spines) of 3-manifolds. Other authors also studied Dijkgraaf-Witten invariants
defined on special 2-polyhedra (see [Wak], [FG]), but their approach is valid only for
the special 2-skeletons which are dual to triangulations.

In Appendix B we present tables with values of Turaev-Viro invariants for 239
closed oriented 3-manifolds of small complexity. There are many other tables of
numeric values of Turaev-Viro and Reshetikhin-Turaev invariants (see [KL1], [KL2],
[N]). An advantage of our tables is that the values of the invariants are presented not
only as real numbers, but as elements of the corresponding cyclotomic field, i.e., as
integer polynomials in ¢ with every coefficient being an independent invariant.

In Appendix C we show how to determine linking pairing of a rational homology
3-sphere from its rational surgery presentation. It is well known that if M is a rational
homology 3-sphere obtained by Dehn surgery on an (integer) framed oriented link L
with a linking matrix A, then the linking pairing £, can be presented by the matrix
—A~! (see, for instance, [GL]). The well known proofs are based on consideration of
the 4-manifold obtained obtained by attaching 2-handles to B* along L C S* = 9B*
according to the given framings. Thus, these proofs can not be naturally extended to
rational surgery descriptions of 3-manifolds. In Appendix C we generalize this result
to rational surgery presentations of M. Our proof is elementary and is based on a
few simple facts from linear algebra.

Chapter 1 summarizes author’s most interesting results obtained during his work
and study in the Chelyabinsk State University (1987-1996). Research presented in
Chapters 2, 3, and 4, and in Appendices A and C was done during author’s graduate
study in the George Washington University (1996-2000). The first versions of the
tables in Appendix B were created in Chelyabinsk (1992-1996), and some additional
computations (for r = 8) were carried out in Washington DC (March, 2000).



CHAPTER 1
TURAEV-VIRO INVARIANTS OF 3-MANIFOLDS

Turaev-Viro invariants ([TV]) is a very important class of quantum invariants of
3-manifolds. First of all, they, unlike many other quantum invariants, can be calcu-
lated from a triangulation or from a simple spine of 3-manifolds. Secondary, Turaev
([T1], [T2]) and Walker ([W]) independently proved that Turaev-Viro invariants of ori-
entable 3-manifolds coincide with the absolute value of Reshetikhin-Turaev invariants
([RT]), the first and the best known quantum invariants. In sections 1 and 2 we define
Turaev-Viro invariants on simple spines of 3-manifolds. In section 3 we show that
each Turaev-Viro invariant TV (M), is a sum of three invariants TVy(M),, TVi(M),,
and TV,(M),. It follows from Turaev-Walker theorem that if ¢* is a primitive root
of unity of an odd degree then, up to normalization, TVy(M), coincides with the
square of the absolute value of the so—called SO(3)-invariant 7.(M) defined in [T2].
For a connection between SO(3)-invariants and the Reshetikhin—Turaev invariants,
see [KM] and [BHMV]. In section 4, using suitable normalizations we make the num-
bers (TVo(M), + TVa(M),), TVo(M)

3-balls. That allows us to define these three invariants on a triangulation of a closed

¢ and TVi(M), invariant under removing of

3-manifold M. In section 5 we prove the following important formula:
TVn(M), = (=1)NTVyN(M)_,, where N € {0,1,2},

which, in particular, implies

TVo(M)y + TVo(M)y = o(TV(M), + TV(M)_,), and

TVi(M), = 5(TV(M), ~ TV(M).).
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In section 6 we solve a conjecture of Kauffman and Lins formulated in [KL1] and give
explicit formulas for Turaev-Viro invariants with the parameter r = 4. In section 7
we provide a simple criterion for answering whether or not two lens spaces can be
distinguished by Turaev-Viro invariants.

The results of this chapter where obtained during the author’s work and study at
the Chelyabinsk State University, Russia, under supervision of S. V. Matveev. The
material from sections 1-6 was published in [S1], [S3], [S4], and [S5]. The material of

section 7 was essentially published in [S2].

1.1 Simple polyhedra and their local moves

A 2-dimensional polyhedron X is called simple if the link of any point of X is home-
omorphic to one of the following polyhedra: (1) a circle, (2) a circle with two radii,
(3) a circle with three radii, (4) the segment [0, 1], (5) a wedge of three segments with
a common endpoint.

The set of points of a simple polyhedron X having links of types (4) or (5) is
called the boundary of X and denoted by 0X. The points with links of type (3) are
called vertices of X. By an edge of X we mean a connected component of the set of
points having the links of type (2). By a 2-component of X we mean a connected
component of the set of non-singular points of X.

Simple polyhedra are also called fake surfaces. This class of polyhedra generates
the class of special polyhedra. Recall that a simple polyhedron X is called special if
0X = () and each 2-component of X is a 2-cell.

A simple polyhedron X with 0X = ( is called a simple spine of a compact 3-
manifold M with OM # () if there exists an embedding #: X — M such that M \
i(X), i.e. M collapses onto i(X). In the case of a closed M, a polyhedron X is called
a simple spine of M if it is a simple spine of M with an open 3-ball removed. A simple
spine is called special if it is a special polyhedron. It is known that every compact
connected 3-manifold has a special spine (see [Ca], [M1]).

Let us introduce four special polyhedra-with-boundary Py, ..., P;. Let P, be the

polyhedron obtained from a disc D? by attaching two semidiscs along two parallel
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chords, h; and hy of D?. The polyhedron P, is obtained from D? by attaching a
semidisc along h, and the second one along a simple curve [ in D? that has the
same endpoints as h; and intersects hy transversally in exactly two points. Let R =
R, U Ry U R3 be a triod consisting of three radii of the disc D2. The polyhedron
P; is obtained from the polyhedron (D? x {0}) U (R x I) by attaching a semidisc
along a chord h; C D? that intersects the radius R; in just one interior point. The
polyhedron P; is obtained from (D? x {0}) U (R x I) by attaching a semidisc along a
simple curve that has the same endpoints as h; and intersects the triod R in exactly
two points lying on on R, and Rs.

By an L£-move on simple polyhedra we mean a replacement of a fragment home-
omorphic to P, by P,. By an M-move on simple polyhedra we mean a replacement
of a fragment homeomorphic to P; by P, (for details, see [M1]).

Let a circle ¢ bound a 2-disc in a 2-component of a special polyhedron X. By
B-move we mean attaching an additional 2-disc to X along c (for details see [TV]).

It is proved in [M1] that any two special spines of a 3-manifold can be transformed
one to the other by a sequence of the moves M*! and £*!. Note that applying £
several times, one can transform any simple spine into a special one. Thus, Matveev’s
theorem is true for simple spines as well.

A B-move on a simple spine of a 3-manifold M corresponds to removing of one
3-ball from M.

1.2 The Turaev—Viro invariants

Throughout this chapter, let us fix » > 3 and a root of unity ¢ of degree 2r such that
¢? is a primitive root of degree 7.

In this section we recall how V. G. Turaev and O. Y. Viro define their invariants
on a simple polyhedron X (cf. [TV]). Let vy, ..., vq be the vertices of X, let ey, ..., ey
be the edges of 0X and let I'¢, ..., T, be the 2-components of X.

By a coloring of X we mean an arbitrary mapping

o {Ty,..., Iy} = Z,_, = {0,1,...,7 — 2}.
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A triple (4, 5, k) € Z2_, will be called admissible if
% —4>i+j+k=0 (mod?2),

i—j]| <k<i+j.

A coloring ¢ is called admissible if for any edge E of X — 0X the colors of the
2-components incident to E form an admissible triple. Let us denote the set of
admissible triples by adm and the set of admissible colorings of X by Adm(X).

By a coloring of a regular graph G we shall mean any mapping of the set of its
edges to Z,_;. Let us denote the set of the colorings of X by Col(X). Any coloring
@ of a simple polyhedron X induces in a natural way a coloring d¢ of its boundary
0X: an edge of 0X takes the color of the 2-component of X in whose boundary this
edge is contained.

Let I';,I';,['; be the 2-components incident to an edge E of X and let ¢ €
Adm(X). We shall say that the unordered triple {¢(I;), o(L';), o(I'x)} is a color

of the edge E. There are six wings incident to any vertex v of a simple polyhedron.
. . i j k

Suppose they receive under ¢ the values ¢, j, k,[,m,n € Z,_;. A 6-tuple (l )
m n

is called a color of the vertex v if {i,7,k} is a color of some edge incident to v and

(i,1), (4, m), (k,n) are the colors of opposite 2-components incident to v.

For an integer n > 0 set

@ —q"
g—q7t’

[n]q! = [n]q[n - 1](1 e [2]q[1]q'

Set also [0], = [0],! = 1. For a color {3, j, k} of an edge set

[n)y =

o (LB R g+ k=i
Aq(m’k):< 2 k41, )

where ¢ = i/2. Note that the expression in the round brackets presents a real number.

By the square root z'/2

by v—-1if z < 0.

of a real number z we mean the positive root of |z| multiplied
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i j k
Let ( J ) be a color of some vertex v. The symbol of v is defined by the
m n

following formula

77, = \ TR (o)A G YA (G, m, ) x

I m n

q

1 J k
XA‘I(jJ:n)A‘I(k?l?m)[ :| ’

lmnq

where

[i j k] =Y (Ve + Uz =i - Bl —i—m—nllle — j - L - nly!x

I m n -

X [z—@—é—m]q![g'—i-i—kl-l—m—z]q![g'—i-k—i-l—i-@—z]q![i—i-ﬁ-i—m-i—@—z]q!}‘l.

Here 2 runs through the non-negative integers such that all expressions in the square

brackets are non-negative. For ¢ € Z,_; put
wig = (V=I)li + 1Y

For ¢ € Adm(X) put

b f d
2x(T; €s
X, 0lg = [Twlh T wheion e LTITElos
i=1 s=1 j=1

where x is the Euler characteristic (the 2-components of X and the edges of X are
thought to be open, so if e, is homeomorphic to R then x(e;) = —1 and if e, is
homeomorphic to S then x(e,) = 0).

The Turaev-Viro invariant for the simple polyhedron X is given by

TV(X)g= Y, X9l
pEAdm(X)

It is proved in [TV] that TV(X), is invariant under the moves £*' and M*!. It
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follows from Matveev’s theorem that if X is a simple spine of a 3-manifold M then
TV(M), =TV(X), is a topological invariant of M.
Note that in [TV] a different normalization is used. The original Turaev-Viro

invariant is given by the formula
TV*(X), = w‘2X(X)+X(aX)TV(X)q,

where w = v/2r/|q — ¢7'|. It is proved in [TV] that TV*(X), is invariant under B*!

also.

REMARK 1.1. It is easily seen that if ¢ is a primitive root of unity of degree 2r and
0X = () then the numbers | X, ¢|,, and therefore the numbers TV (X), and TV*(X),,

lie in Q(q).

1.3 The summand—invariants

The set of 2-components of X that receive odd colors under a coloring ¢ € Adm(X)
forms a surface embedded in X. We denote this surface by S(y¢). Note that 9S(p) C
0X.

Present the set Adm(X) as a disjoint union of subsets Admg(X), Adm,(X) and
Admy(X), where

0) ¢ € Admo(X) & (¢ € Adm(X)) & (S(¢) = 0);
1) p € Adm(X) & (p € Adm(X)) & (x(S(p)) =1 (mod 2));
2) ¢ € Admy(X) & (p € Adm(X)) & (S(p) # 0) & (x(S(#)) =0 (mod 2)).

For any coloring « of X and N € {0,1,2} put

QN(}(?a)q = j{: |)(7¢ﬂT

p€EAdm N (X)
do=a
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If {p € Admn(X):0¢p = o} =0, then Qn (X, @), = 0. Put also

TVn(X)g= Y. (X, ),
acCol(8X)

where the sum is taken over all colorings of 0.X.
REMARK 1.2. TV(X), = TVy(X), + TVi(X)y + TV2(X),.

REMARK 1.3. If ¢q is a primitive root of unity of degree 2r then for every simple
polyhedron X with 0X = (0 we have TVy(X), € Q(g), for any N € {0,1,2} (see
Remark 1.1).

LEMMA 1.4. Let a stmple polyhedron X be the union of simple polyhedra Y and Z
and let each connected component of T =Y N Z be a connected component of both

oY and 0Z. Then for any coloring 8 of 0X we have

X, B)e= D, QY,aU (Blvnox))eQ0(Z, U (B]z0ox))a,
acCol(T)

N(X,B)g= >, WY, aU(Blynox))eQu(Z, o U (8|zn0x))e,

acCol(T)
K+L=1(2)

W(X,8)g= Y, Qk(Y,aU(Blynox))q (2, a U (8lzn0x))q-

acCol(T)
K+ L=2o0r4

ProOF. This follows from the equalities

X5 @lg = 1Y, (@lv)lg - 12 (#]2) 0,

where ¢ € Adm(X) (see Lemma 4.2.A in [TV]), and x(X) = x(Y) + x(Z). O

THEOREM 1.5. Let X be a simple 2-polyhedron and « be a coloring of 0X. Then for
every N € {0,1,2} the number Qn(X, a), is invariant under L' and M*!,
PROOF. Let us show that the number Qn (X, @), is invariant under £. The case of

the M-move is similar. By Lemma 1.4, it is sufficient to prove that Qn(P1,7), =
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Qn(Py,7)q for any N € {0,1,2}, where P, and P, are the polyhedra from the defini-
tion of the £-move and  is a coloring of the graph 0P, = 0P,. It is easy to check
that for any v there is a unique K € {0,1,2} such that {¢ € Adm(P;): ¢ = v} C
Admg(P;), for i = 1,2. Therefore

QN(Ph’Y)q: Z |P1790|q and QN(P%’Y)(I: Z |P271/}|q
o Adm(Py) EAdm(Py)
Sp=ry Y=y

if N =K, and Qn(P1,7)q = QOn(P,7)g = 0if N # K. It is proved in Lemma 4.4.A
of [TV] that the sums are equal. O

COROLLARY 1.6. Let X be a simple spine of a 3-manifold M. Then TVy(M), =
TVn(X)q is an invariant of M for every N € {0,1, 2}.

By the summand-invariants we mean the three functions TVy(M),, TV1(M),, and
TV2(M),.

1.4 The summand-invariants and a triangulation

The summand invariants are not invariant under a B-move. This prevents us from
defining these invariants on triangulations of 3-manifolds. Here we modify the invari-
ants TV, TVy, and TV, + TV, to make them invariant under removing of 3-balls.
Put wy = v/7/|g —¢'| and w = v/2r/|q — ¢~!|. Let X be a simple polyhedron.
Put
(X, @) = wy OV (X, ),

(X, a), = w—2x(X)+x(3X)Ql(X, @)y,
and

Q (X, O‘)q = w_2X(X)+X(aX)(QO (X, O‘)q + (X, a)q)-

LEMMA 1.7. Let X be a simple 2-polyhedron and « be a coloring of 0X. Then the
numbers Q§(X, o), U (X, @)
ProOOF. It follows immediately from the definition of the number | X, |, that the

o and (X, a), are invariant under B.
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number (X, ), is invariant under B if
2 _ -2 2, 2
Wy = w; g wiw;

k,1=0(2)
k:{jk,l}€adm

for any even j € Z,_1, and Q(X, o)y, Q(X, @), are invariant under B if

2 _ ,,—2 2 : 2,2
w —’LUj Wi W,

k:{jk,l}€adm

for any j € Z,_;.
The second equality is proved in [TV]. The proof of the first one is similar. First
of all, let us check that

-2 2,2 _ . —2 4
(1.1) w; g wpw; = Wy w
k,1=0(2) s=0(2)
k:{jk,l}€adm 0<s<r—2

for every even number j € Z,_;.

Let T be a polyhedron obtained from a disc D? by attaching one semidisc along
a diameter of D?. The polyhedron T consists of three 2-cells I';,I'5,I's. Let the
polyhedron T; be obtained from T by attaching a 2-disc along a circle that belongs
to the 2-cell I';, where 1 = 1 or 2.

For any j € Z,_, we define a coloring 8 of 87y and 97T, as follows: 3(I'y) =
B(ls) =3, B(I'2) = 0.

By definition, we have

2. 2 2 2
QO(Th /B)q = WoWy § : Wi Wy
k,l1=0(2)
kl:{j,k,l}€adm

Note that T} and T5 are connected by an £-move, therefore Qo (T, o), = Qo(T2, @),
This gives us the equality (1.1).
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Clearly, wy = 1. Thus we have to prove that

[r/2]-1
> wh=-r/lg—q")
t=0
The proof of this equality is straightforward. O

COROLLARY 1.8. Let X be a simple spine of a 3-manifold M. Then the numbers
TVy(M)y = Q(X)g, TVIF(M)y = (X)y, and TV (M) = Q5(X), are invariants of

M under removing of 3-balls.

Now we can define the invariants TV, TV}*, and TV} on a triangulation of a 3-
manifold M just like the Turaev—Viro invariants were defined in [TV]. For simplicity
we will restrict ourselves to the case of closed 3-manifolds only.

Let M be a closed triangulated 3-manifold. Let a be the number of vertices of
M, let Eq,..., Ey be the edges of M, and let T},...,Ty be the 3-simplexes of M. By
a coloring of M we mean an arbitrary map ¢: {E\,..., Ey} = Z,_1. A coloring ¢ of
M is called admissible if for any 2-simplex A of M the colors of the three edges of A
form an admissible triple. Denote the set of admissible colorings of M by Adm(M).
We will denote by Admg(M) the set of admissible colorings of M by even numbers,
and by Adm.(M) the set of admissible colorings of M such that

v—t+ f=0 (mod 2),

where v is the number of 3-simplexes containing an edge colored by an odd number,
t is the number of 2-simplexes containing an edge colored by an odd number, and f
is the number of edges colored by odd numbers. Note that Admo(M) C Adm.(M).
Set Admy (M) = Adm(M) — Adme(M). A 6-tuple (Z jn :) is called a color of a

3-simplex Ty if 4, j, k are the colors of the edges of some 2-face of T, and (3,1), (j,m),
(k,m) are the pairs of colors of opposite edges of T;. Let

1 J k
|Ts(p|q = ‘
I m n

q
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For ¢ € Adm(M) put
d

b
|M7 90|q = Hwi(Ez),q H |Ts(p|‘I'
i=1

s=1

PROPOSITION 1.9. For any closed triangulated 3-manifold M we have

TVO*(M)Q :wO—2a Z |M790|qa

o€ Admo (M)
Tvl*(M)q =w Z |M790|qa
p€Adm1 (M)
TV (M)g=w™™ Z |M, ¢lg-
o€ Adme (M)

Proor. Let X be the union of the closed barycentric stars of the edges of M. It
is obvious that X is a special polyhedron. By a finite number of M*!' £*' and
B~! moves on X we get a simple spine of M. Each coloring ¢ of M induces a dual
coloring ¢* of X, and it is easy to check that |M, ¢|, = | X, ¢*|, and x(X) = a, which

establishes the formulas. O

1.5 Values of the summand-invariants

In this section we will express the numbers TVy(M), + TVo(M), and TV,(M), via
the Turaev—Viro invariants.

Let X be a special polyhedron. Fix a number r > 3 and a coloring ¢ € Adm(X).
A vertex v of the colored polyhedron X is called a switch-vertez if the sum of all odd
numbers in the color of v is congruent to 2 modulo 4. The following important lemma

was proven with help of Artem Macovetski.

LEMMA 1.10. Let X be a special polyhedron. Then for any ¢ € Adm(X) we have
|X7 §0|q = (_1)X(S((p))+w|X7 §0|—q7

where x is the number of the suitch-vertices of X .
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PROOF. It is easy to see that

A? (i,5,k), ifi,j,k are even,
—AZ? (i,4,k), otherwise.

A, j k) = {

Let ( b 3) be the color of a vertex v of X under . Then we have
a2 15 1g

. . . 1 6 .. . . .
1 i2 13 3 lst=100 [ 4 4y i3
S

i s tel, (R R

There are three possibilities for the color of v.

1) Each number in the color of v is even (even verter). Then the sign in (1.2) is
plus.

2) There are four odd numbers in the color of v (fourfold vertex). Let i1, 142,14, 5

be the odd numbers, then from (1.2) we have

[Zi 19 i3] ( 1)i1+i2+i4+i5+1 [Zl (M) 13]
= [— 2
i ts el s l6l_,

Hence if v is a switch-vertex, then the sign in (1.2) is plus, otherwise minus.
3) There are three odd and three even numbers in the color of v (threefold vertex).

Let i1, s, i3 be the even numbers, then from (1.2) we have

il ig i3 i1 +ig+ig 7;1 7;2 7;3
I IV st

4 s tely, s tel_,

By the cost of an edge E we mean the half-sum of the numbers from the color of E.

Let E’ be a half-edge of an edge E. By the cost of the half-edge E’ we mean the cost
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of E. We call an edge or a half-edge bad if its color is even (that is all three numbers
in the color of the edge are even) and its cost is even. Let us show that the number
of threefold vertices with a bad half-edge is even. It is sufficient to prove that the
number of the bad half-edges incident to an even vertex is even, but this statement
follows from the fact that the sum of all 4 costs of the half-edges incident to an even
vertex is even. Hence, we can think that for any threefold vertex the sign in (1.2) is
plus.

Let us denote the number of the odd-colored edges of X by e, the number of the
threefold vertices by ns, and the number of the fourfold vertices by n4s. Denote the
number of the odd colored 2-components of X by c¢. Then we have ¢ = x(S(p)) —

ns — n4 + e. Hence
X, @lg = (=L)X, | g = (m1)XETE X g

It is easy to see that for any admissible coloring ¢ of a special polyhedron X the

number ng is even. This finishes the proof. O

Let SX be the set of the singular points of X. Note that SX is a regular graph
of degree 4. Denote by V the set of vertices of X, by N(V,5X) a closed regular
neighborhood of V in SX, and by N(V, X) a closed regular neighborhood of V' in X.
The intersection of the union of the open edges with each connected component of
N(V, SX) consists of 4 half-open 1-cells, which are called thorns. The intersection of
the union of the open 2-cells with each connected component of N(V, X) consists of
six half-open 2-cells, which are called wings.

Let v be a vertex of X, and let N(v, M) be a closed regular neighborhood of v.
Chose a thorn ¢ in N(v, M) and a small normal disc D for it. Any orientation « of
N(v, M) induces an orientation «|p of D according to the following convention: «|p
together with the outward orientation of ¢ should give the orientation . Note that
a|p induces a cyclic order on the set of wings adjacent to t.

Regular neighborhood N(V, M) consists of 3-balls N(v, M), v € V. Choose
orientations for the 3-balls. Let E be an edge of X. It contains two thorns ¢;,%,. Let

Wl(i), 2(“, W:,fi) be the wings adjacent to £;, where ¢ = 1,2. As above, the orientation
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of N(V, M) induces a cyclic order on the set
WO wdP wiy,  for i=1,2.
The 2-cells of X determine the natural bijection
FAW, W Wiy — (W, Wy, w1

We shall say that the edge E is odd if the bijection f preserves the cyclic order on

the wings, and even otherwise.

THEOREM 1.11. Let X be a special spine of a 3-manifold M. Then for any ¢ €
Adm(X) we have
|X7 90|q = (_1)X(s((p)) |X7 90|—¢1'

PROOF. Let z be the number of switch-vertices of the pair (X, ¢). By Lemma 1.10,
it is sufficient to prove that this number is even.

Consider the coloring @: {I'1,..., [y} — Z, such that

0, ifp(ly)=0 (mod?2),
3, ifp(ly) =3 (mod4),

for any 1 < <b.

Fix an orientation of N(V, M). Then each edge of SX becomes odd or even. Let
G be the union of the edges of X with colors {0,1,3} under the coloring 7. Let
1, ...,Q, be the middle points of the odd edges of G. Consider a graph G'. The set
of vertices of G’ consists of the vertices of G and of the points Qy,...,€,. The set of
edges of G’ consists of the even edges of G and of the halves of the odd edges of G.
Thus, each odd edge of G gives 2 edges in G'. The orientation of N(V, M) and the
coloring i give the orientation of the graph G'. Let vy,...,v; be the vertices of G'.
We will denote by a; the number of incoming and by b; the number of outgoing edges

for the vertex v;. We have (a; —b;) =2 (mod 4) iff v; is either the switch-vertex or
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the middle point of an odd edge, and (a; —b;) =0 (mod 4) otherwise. The number
of vertices with the condition (a; — b;) =2 (mod 4) is even for any oriented graph,
because Y _._ (a; — b;) = 0.

It remains to prove that the number p is even. Let 6 be the number of odd edges
of X with the color {0,1, 1} under the coloring . Then 1-colored (by P) 2-cells pass
(260 + p) times along the odd edges of X. Note that each 2-component of X passes
along the odd edges of X even number of times (this is true for every special spine;

see, for instance, [Fol). Therefore the number (26 + p) is even and p is even. O

COROLLARY 1.12. For any 3-manifold M and any q we have
TVn(M), = (-1)NTVN(M)_,, where N €{0,1,2},
1
TVo(M)q +TVa(M)g = S(TV(M)g +TV(M)—y),

TVi(M), = 5(TV(M), ~ TV(M).).

REMARK 1.13. In the papers [S3], [S4], and [S5] we used the parameter —g instead

of —g, but it is easy to see that [n], = [n].

1.6 Kauffman-Lins conjecture. The case r—4.

In [KL1] L. H. Kauffman and S. Lins put forward the following conjecture.

CONJECTURE. Consider an arbitrary closed 3-manifold M, and let X be a special
spine for M. Let n, be the number of closed surfaces contained in X that have even
Euler characteristic and n, the number of closed surfaces in X that have odd Euler
characteristic. Let ¢ = €2™/8. Then (i) either n, = n,, or n, = 0, and this alternative
is invariant for every special spine of M; (ii) n, =0 & TV (M), =TV (M)_, € Z.
Note that if M is an orientable manifold, then part (i) of the conjecture follows
from 8.3-8.4 in [TV]. If M is a non-orientable manifold, then there exists a counter
example offered by S. V. Matveev: the manifold RP? x S!. A neighborhood of the
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a)RPXS'

Fig. 1.1

1-skeleton of a special spine for RP? x S! is shown on Fig. 1.1a. For this spine we
have: n, = 1 and n, = 3. This disproves the part (i) of the conjecture. (Let us
give some explanation of Fig. 1.1a. The manifold (RP? x S') — B3 collapses onto
m X St Ugm D?, where m is a Mdbius band and D? is a disc attached along Om. The
manifold m x S! collapses onto a torus T2, so (RP? x S') — B? collapses onto T2
with a disc D?, attached to it such that dD? winds twice around the longitude of
T2. There is an isotopy of dD? in T? taking our polyhedron to a special one with a
neighborhood of the 1-skeleton pictured on Fig. 1.1a. The union of the 2-components
marked by I, IL, III is the torus 72, the unmarked curve is the boundary of the disc
D?)

Let us consider the manifold S®/Q16 (A neighborhood of the 1-skeleton of a special
spine for S3/Q¢ is shown on Fig. 1.1b. Explanations can be found in [M2]). We can
see that TV,(S%/Q1s) = TV_4(S*/Q1s) = 6 but n, # 0 for this manifold. So the
implication <= of the part (ii) in the conjecture is not true. But if n, = 0 then indeed
TV, (M) =TV_4(M) € Z, as follows from the next lemma. Moreover, if n, = 0 then
the equation TV (M) = TV_,(M) is true for any parameter ¢, see Theorem 1.11 and
Corollary 1.12.

Let us denote by S;(¢) the union of the 2-components I'; C X such that ¢(I';) = i.

LEMMA 1.14. Let X be a special spine of a compact 3-manifold M3, let r = 4, and
w € AdmX. Then

|X7 90|q = (_\/i)X(SI((p))(_l)n7
|X7§0|—q = ( \/i)X(SI((p))(_l)n7

where n is the number of vertices in the graph G = 9Sa(¢p).
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PRroOF. The values of the symbols for vertices and the weights for 2-cells of the spine

X in the case 7 =4 are given in [KL1]. Their products give the above equalities. O

1.7 Which lens spaces are distinguished by Turaev-Viro

invariants?

In this section we will answer the following question: Given two lens spaces, do the
Turaev-Viro invariants distinguish them? It follows from the definition of Turaev-Viro
invariants that if ¢; and ¢, are roots of unity of the same order then TV (M),, can
be obtained from TV (M), using the Galois automorphism sending ¢; to ga. Thus,
in order to answer the above question it is sufficient to consider only Turaev-Viro
invariants parameterized by ¢ = ¢™/",r > 3. In this case it will be convenient to use
the notation TV, (M) instead of TV (M), (this notation does not conflict with the
notations for the summand-invariants from the previous section, because r > 2). We
say that two lens spaces are distinguished by Turaev-Viro invariants if there exists
an r > 2 such that the values of TV, on these lens spaces are different.

In [Ya] Yamada constructed examples of an arbitrary large number of homo-
topy equivalent (but not homeomorphic) lens spaces that are not distinguished by
Reshetikhin-Turaev invariants RT,.. These spaces are not distinguished by Turaev-
Viro invariants also because (see [T1], [T2], [W]) |RT,(M)|? = TV,(M), where M is
a closed orientable 3-manifold. However, this does not answer the question stated in
the title of this section.

The main result of [Ya] is the following explicit formula (1.3), which gives the
value of the Turaev-Viro invariants of the lens spaces (this formula was obtained

from Jeffrey’s formula for the Reshetikhin-Turaev invariants [Je]):

(

1—c0s2”” ), ifd=1;

1—cos™ ) if d =2, cis even;

if either d > 2, c is even, ¢ = £1 (mod d),
ord>2, cis odd, ¢ = ¢ £1 (mod d);

in all other cases.

(
(

<IN 3=

(1.3) TVi(Lpg) =

¥la.

=
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Here d = g.c.d.(p,2r), ¢ = 2(%, p = %, and p*, p* are integers such that pp* =

1 (modr), pp™ =1 (modr),and ’%*_lp’* is even.

Below we use the following statement.

COROLLARY 1.15. ([Ya]) If either d = gcd(p,2r) < 2 or 2pr/d* and d/2 are odd
integers, then TV,.(L,,) does not depend on q.

REMARK 1.16. In [Ya] and [Je] the Reshetikhin-Turaev invariants are called Chern-
Simons- Witten invariants and the Turaev-Viro invariants are called absolute values
of the Chern-Simons-Witten invariants.

REMARK 1.17. Yamada defines p'* as an integer such that we have p'p™* = 1
(mod r¢) and the number (p'p’* — 1)p’*/(rq) is even; so p™ depends on gq. How-
ever (see Corollary 1.15), if d = 2, then TV, (L) does not depend on the parameter

g. Thus, in the case d = 2 we can suppose that ¢ = 1.
There is a useful particular case of formula (1.3):

COROLLARY 1.18.

1/2, if p is odd,
TVs(Lp,) = 1, ifd|p;
0, ifpis even and 4 [p.

PROOF. Let p = 2°3%u where u is coprime with 2 and 3. We need to consider the
following 6 cases.

1)s=0, t=0 (=d=1). Sincepp*=1 (mod 3), we have 3 fp*, and cos 2”” =
—1. Therefore, by (1.3), TV3(L,q) = 3.

2)s=0, t>0 (=d=3, ¢g==£1 (mod3)). By (1.3), TVs3(Lp,) = 3.
3)s=1, t=0 (=d=2,cisodd). By (1.3), TV3(L,,) = 0.

4)s=1, t>0 (= d=6,cisodd). ¢is odd, therefore ¢ #3+1 (mod 6). B
(13), TVs(Lpy) = 0.

5)s>1, t=0 (

that p* =341 (mod 6),1. e. cos - = —L. By (1.3), TVa(L,,) = 1.

=d=2,cis even) From the conditions on p'* we can conclude
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6) s>1, t>1 (= d=6,ciseven). Since (¢,p) =1, we have ¢ = +£1 (mod 6).
By (1.3), TV3(L,,) = 1. O

PROPOSITION 1.19. If p; # p, then the lens spaces Ly, 4, and Ly, 4, are distinguished
by Turaev-Viro invariants.

PROOF. Let R be an integer coprime to p; and po such that p; # +p, (mod R), for
instance, R = 3p;p2 + 1. Consider several cases.

1)Both p; and p, are odd. Take r = R. Then d; =g.c.d.(p;,2R) = 1, i = 1,2.
In this case, by (1.3), the two lens spaces are not distinguishable by Turaev-Viro

27
r

invariants iff cos @ = COS , but the last equation implies p; = +p, (mod r),
which contradicts our choice of R.

2) Both p; and p, are not divisible by 4. Take r = R. Then d; = 2, and the numbers
¢ = # are even, ¢ = 1,2. In this case the two lens space are not distinguishable by
Turaev-Viro invariants iff cos ”;—“f = cos ”’;—’3, which implies that pj = +p) (mod R),
and therefore p; = +p; (mod R), contradicting our choice of R.

3) Both p; and py and not divisible by 4. Take r = 2R. Then d; = ds = 2, and
the numbers c¢; and ¢y are odd. Similarly to the above cases, the equality of the
invariants implies p| = +p), (mod 2R), and therefore p; = £p, (mod R). Which
again contradicts our choice.

In all other cases we can take » = 3 and apply Corollary 1.18. O

PROPOSITION 1.20. If g equals neither 1 nor p — 1, then two lens spaces L, and
Ly 4 are distinguished by Turaev-Viro invariants.

PRrROOF. It suffices to set 7 = p. Then d = (p,2r) = p, and ¢ = 21)%2 = 2 is even.
Obviously, d = p > 2, therefore, by (1.3), TV,(Ly1) = £ = 1, but TV, (L) =0. O

2r

LEMMA 1.21. If the lens spaces Lypq4, and Ly, g4, are distinguished by Turaev-Viro
invariants and p is an even number, then there exists anr' > 3 such that TV, (Ly 4, ) #
TV (Lypyg,) and the number ¢ = #:7%) is even.

PROOF. Let us suppose that the lens spaces L,, and L,, are distinguished by
Turaev-Viro invariants for a certain r > 3. Set d = ged(p,2r) and ¢ = 2pr/d>.
Assume that ¢ is odd. Corollary 1.15 implies that d/2, and hence r, are even. It

follows from (1.3) that ¢ = ¢ +1 (mod d), ¢» # ¢ + 1 (mod d). In particular, since
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g1 and g2 are odd, we have d # 4, i.e., % > 2.

There are two cases.
1) g» # £1 (mod £). Put 7' = L(p + 1). Since ¢ is odd, then 2r/d is also odd, and
we have d' = ged(p, 2r') = ged(p, r) = d/2, ¢ is even, ¢; = +1 (mod d'), and ¢o # +1
(mod d').
2) g2 = =1 (mod £). Since ¢» Z 1+ ¢ (mod d), we have ¢go = £1 (mod d). Put
r' = 2r. Since c is odd, then £ is also odd, therefore d' = ged(p,4r) = d, ¢/ = 2c is
even, go = +1 (mod d'), and ¢ # +1 (mod d').

In both cases the formula (1.3) implies that the invariant T'V,. for the two lens

spaces is different. O

PROPOSITION 1.22. Suppose that ¢ and qo are not equal to 1. Then two lens
spaces Ly 4, and Ly 4, are distinguished by Turaev- Viro invariants iff there exist natural
numbers k and v such that

1)v>2;

2) v is a divisor of p;

@i+l gotl,
k k 7’

4) Ifv = q"ki, orv = q’;l, then q; # £1 (mod v), where {i,j} = {1, 2}.

PROOF. Necessity. Assume that there is an r > 3 such that TV, (L, 4,) # TV, (Lpg,)-

3) v is equal to one of the numbers

Then Corollary 1.15 and Lemma 1.21 imply that d > 2. If p is even then c is also
even by Lemma 1.21. If p is odd then c is even by definition. Thus, by (1.3), we may
assume that ¢ = +1 (mod d), and ¢» Z £1 (mod d). So, there is a natural number
k such that d = ‘“k—qﬂ, and we can put v = d.

Sufficiency. If p is odd, then it suffices to put r = v. Then d = ged(p,2v) = v >
2, ciseven, ¢ ==+1 (modd), ¢ #=x1 (mod d). The formula (1.3) guarantees
that the two lens spaces are distinguished by the invariant T'V,.. Suppose that p is
even. In this case ¢, ¢2 are odd, and we can suppose that v is even, because otherwise
k is even and one can replace k by £/2 and v by 2v. Indeed, if ¢; # 1 (mod v),
then ¢; # +1 (mod 2v). Let us consider two cases.
1) The number 2 is odd. Set r = v. Then d = ged(p,2v) = v = q",fl, the number
c = 2p/v is even, ¢; = £1 (mod d), and ¢; # £1 (mod d). By (1.3), TVi(Lypq,) #
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TV (Lp,gy)-

2) The number 2 is even. If v = 4, then 4|p, and ged(p,£ — 1) = 1. In this case,
setting 7 = p — 2 we get d = 4 = v. If v > 4, then take r = £, which again implies
that d = v. Since % is even, c is even too. Thus we reduce this case to the previous

one. 0

REMARK 1.23. Analyzing the proofs of Propositions 1.19, 1.20, and 1.22, we obtain
rough estimates of the value of the parameter r required to distinguish two lens spaces
by the invariant 7'V,.:

1) If p; # po, then the lens spaces L and Ly, ,, are distinguished by a Turaev-

yARL
Viro invariant with a certain r < 2R, where R is the smallest natural number that is
coprime with p; and p, and such that p; # +p, (mod R).

2) If two lens spaces with the same first index p are distinguished by Turaev-Viro

invariants, then they are distinguished by some invariant with r < p.

COROLLARY 1.24. If p is prime and q1, qo equal neither 1 nor p — 1, then two lens

spaces Ly 4, and Ly 4, are not distinguished by Turaev-Viro invariants.

COROLLARY 1.25. The simplest (in the sense of the value of the first parameter)
nonhomeomorphic lens spaces that are not distinguished by Turaev-Viro invariants
are Ly and Ly 4. The simplest lens spaces that are not distinguished by Turaev-

Viro invariants and are not homotopy equivalent are L33 and Liss.

REMARK 1.26. If p is prime and lens spaces L,, and L,, are not homeomor-
phic, then they are distinguished by a certain Reshetikhin-Turaev invariant (see [Je],
Remark 3.9).

In conclusion, we will re-formulate Propositions 1.19, 1.20, and 1.22 into one
simple criterion. This re-formulation was suggested by S. V. Matveev. In order to do
that we need to introduce a function h,:Z — Z,, for every positive integer v, such

that
1, ifz=+1 (mod v);

hy () = { .
0, ifz#+1 (mod v).

THEOREM 1.27.(Criterion of TV-equivalence) Two lens spaces Ly, 4, and Ly, ., are
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not distinguished by Turaev-Viro invariants iff p1 = po = p, and for any v > 2 such
that p is divisible by v we have h,(q1) = hy(g2).
PROOF. Necessity. By Proposition 1.19, p; = py. Assume that there is v > 2 such
that v|p, hy(q1) =1, and h,(g2) = 0. In this case there is an integer & > 0 such that
g1 = 1+ kv. If £ = 0 then we get a contradiction with Proposition 1.20, if £ > 0
then we get a contradiction with Proposition 1.22.

Sufficiency. Assume that p; = pe and for any divisor v > 2 of p we have h,(q;) =
hy(g2). Then ¢ and ¢ can not be equal neither 1 nor p — 1, because otherwise

hy(q1) # hy(g2). Therefore, we can apply Proposition 1.22. Our conditions contradict

existence of positive numbers v and k such that v > 2, v|p, v = q",fl, and ¢; # +1

(mod v), where i, =1,2, i #j. O



CHAPTER 2
SURGERIES ON PERIODIC LINKS AND HOMOLOGY
OF PERIODIC 3-MANIFOLDS

In the early 1960’s both Wallace [Wa] and Lickorish [Lil] proved that every closed,
connected, orientable 3-manifold may be obtained by surgery on a framed link in S°.
Thus, link diagrams may be used to depict manifolds. Every manifold has infinitely
many different framed link descriptions. However, in 1970’s Kirby [K] showed that two
framed links determine the same 3-manifold iff they are related by a finite sequence
of two specific types of moves. This calculus of framed links, together with the earlier
results, gives a classification of 3-manifolds in terms of equivalence classes of framed
links. The framed link representation of 3-manifolds has proven to be extremely
useful. For instance, most of the new 3-manifold invariants originating from famous
Witten’s paper [Wi] are based on the framed link approach. Therefore, it is always
very useful to have some kind of correspondence between certain classes of 3-manifolds
and some classes of framed links. One example of such correspondence is the classical
relationship between the lens spaces and the chain-link diagrams (see, for instance,
[Ro]). This result, in particular, allowed L. Jeffrey to determine exact formulas for
the Witten-Reshetikhin-Turaev invariants of the lens spaces [Je]. Another example is
the fact that a closed oriented 3-manifold is an integral homology 3-sphere iff it can
be obtained by surgery on an algebraically split link with framing numbers +1 (see
[Mul], [O1]). This relationship plays a key role in many papers on quantum and finite
invariants of integral homology 3-spheres (see, for instance, [O1], [02], [Mul], [Mu2]).
In Section 1 we will establish an analogous relationship between periodic 3-manifolds

and periodic links. Namely, we prove the following theorem:

THEOREM 2.1. Let p be a prime integer and M be a closed oriented 3-manifold.

There is an action of the cyclic group Z, on M with the fized-point set equal to a

29
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circle if and only if there exists a framed p-periodic link L C S3 such that M is the

result of surgery on L and Z, acts freely on the set of components of L.

A special case of Theorem 2.1 when M is a homology sphere was proven in [KB-
Pr]. In the general form the theorem was proven for the first time by Jézef Przytycki
in his graduate course Topics in Algebra Situs'. A similar result is obtained for

manifolds with free Z, actions:

THEOREM 2.2. Let p be a prime integer and M be a closed oriented 3-manifold.
There is a free action of the cyclic group Z, on M iff there exists a framed p-periodic
link L C S® admitting a free action of Z, on the set of its components such that M
is the result of surgery on L' = L U~, where v is the azis of the action with framing

co-prime to p.

In Section 2 we give an interesting application of Theorem 2.1. Namely, we prove

the following result:

THEOREM 2.3. If a closed orientable 3-manifold M admits an action of a cyclic

group Z, where p is an odd prime integer and the fized point set of the action is S*
then H\(M;Z,) # Z,.

Note that this theorem provides a non-trivial criterion for 3-manifolds admitting
the described action. The simplest examples of 3-manifolds with H,(M;Z,) = Z, are
lens spaces Ly, , (or more generally, (pn/q) Dehn surgeries on knots in S3).

Theorem 2.3 was first announced as a conjecture? and partially proven® in April of
1999 [S9] (It is interesting to mention that the conjecture was influenced by the study
of Murakami-Ohtsuki-Okada invariants on periodic 3-manifolds?, but the equation

MOO,(M) = LGN (MZ) eventually led to the more “classical” algebraic topology.

IThe George Washington University, February of 1999.

2The conjecture was obtained as a result of extensive computations performed with a program
written in Mathematica.

3In the case when the orbit space of the action can be obtained from S by an integer surgery
on a knot.

“In turn, our interest in Murakami-Ohtsuki-Okada invariants was sparked by their relation with
the g-analog of the first homology skein module, see Chapter 4.
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Here p is an odd prime integer, M OO, is the Murakami-Ohtsuki-Okada invariant pa-
rameterized by ¢ = €™/? and G, = 3 icz, ¢/, see Theorem 3.4). Recently (Novem-
ber, 1999), Adam Sikora announced a proof of the theorem [Si]. In fact, using some
classical but involved algebraic topology, he obtained more general results implying
our theorem. The surgery presentation of periodic 3-manifolds developed in Section
1 allowed us to find an elementary proof of Theorem 2.3, presented in Section 2.
Theorem 2.3 is not true for p = 2, see Remark 2.20. An interesting criterion for

2-periodic rational homology spheres is provided by the following theorem.

THEOREM 2.4. Let M be a rational homology 3-sphere such that the group H,(M;Z)
does not have elements of order 16. If M admits an orientation preserving action of
Z, with the fized point set being a circle then the canonical decomposition of the group
H\(M;Z) has even number of terms Zy and even number of terms Z4, and arbitrary

number of terms Zg.

This chapter in the main part coincides with our joint paper with Jézef Przytycki
[PrS].

2.1 Periodic 3-manifolds are surgeries on periodic links

We show in this section that p-periodic closed oriented 3-manifolds can be presented
as results of integer surgeries on p-periodic links. We show also an analogous result
for manifolds with free action of Z,.

Before we prove theorems 2.1 and 2.2, we need to establish some basic terminology

and preliminary lemmas.

2.1.1 Pertodic Links

DEFINITION. By a framed knot K we mean a ring S' x [0, £] embedded in S3. By the
framing of K we mean an integer defined as follows. Let V. be the e-neighborhood
of Ky = S' x {0}, then K. = S' x {¢} is a projection of K, onto dV.. Let P be
the projection of Ky onto dV, which is homologically trivial in S — V,. The framing
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f is defined as the algebraic number of intersections of K. and P. A framed link is
a collection of non-intersecting framed knots. We will adopt the usual “blackboard”

convention for framed link diagrams.

DEFINITION. A (framed) link L in S® is called p-periodic if there is a Z,-action on
S3, with a circle as a fixed point set, which maps L onto itself, and such that L is
disjoint from the fixed point set. Furthermore, if L is an oriented link, one assumes
that each generator of Z, preserves the orientation of L or changes it to the opposite

one.

By the positive solution of Smith Conjecture ([MB], [Th]) we know that the fixed
point set of the action of Z, is an unknotted circle and the action is conjugate to an
orthogonal action on S®. In other words, if we identify S® with R?® U oo, then the
fixed point set can be assumed to be equal to the “vertical” axis z = 0 together with
oo, and a generator ¢ of Z, can be assumed to be the rotation o(z,t) = (e2™/P . 2, 1),
where the coordinates on R? come from the product of the complex plane and the
real line C x R. Thus, any (framed) p-periodic link L? may be represented by a -
invariant diagram, p-periodic diagram (with framing parallel to the projection plane),

see Fig. 2.1.

Fig. 2.1

By the underlying link for LP we will mean the orbit space of the action, that is
L,=1LF|Z,.

LEMMA 2.5. Let p be a prime integer and LP C S* be a (framed) p-periodic link. The
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following three conditions are equivalent:

1) Z,, acts freely on the set of components of LP;

2) The linking number of each component of the underlying link L, with the azis of
rotation is congruent to zero modulo p;

3) The number of components of LP is p times greater than the number of components
of L.

PROOF. The equivalence of the conditions 1) and 3) is obvious. To prove that 2) is
equivalent to 3), consider the covering projection L? — L,. Let [ be a component
of L,. The preimage p~! of the closed path A\ which traverses [ exactly once (i.e., [
with a base point) consists of p paths Ay,..., A, in L?. The condition 1k(l,v) = 0
(mod p) is equivalent to the condition that each of A; is closed. Thus, [ lifts to p
components in L? iff k(l,7) =0 (mod p). O

DEFINITION. A p-periodic link L? that satisfies any of the conditions from Lemma

2.5 will be called strongly p-periodic.

2.1.2 Periodic Manifolds

DEFINITION. A 3-manifold M is called p-periodic if it admits an orientation preserv-
ing action of the cyclic group Z, with a circle as a fixed point set, and the action is
free outside the circle.

We can immediately prove the easy part of Theorem 2.1. Indeed, consider a
strongly p-periodic framed link L?, and let M be the 3-manifold obtained by surgery
on LP. By definition of a framed p-periodic link, there is a Z, action on S°, and on
83 — LP, with a circle v as a fixed point set. This action induces a Z, action on M.
Moreover, since the action of Z, is free on the set of components of L?, there are no
other fixed points of the action of Z, on M but the circle .

To prove the difficult part of Theorem 2.1 we first fix some notation. Suppose
that Z, acts on M with the fixed-point set equal to a circle . Denote the quotient
by M, = M/Z,, the projection map by h: M — M, and v, = h(7).

LEMMA 2.6. The map h.: H (M) — H,(M,) is an epimorphism.
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PROOF. Let zy € . Since z is a fixed point of the action, any loop based at h(zg)
lifts to a loop based at zo. Thus hy : m (M, zo) — 71 (M., h(zo)) is an epimorphism,

and since H; is an abelianization of 7y, the map h, is also an epimorphism. O

Let us recall the Lefschetz’ duality theorem which we will use in our proof of
Theorem 2.1. First some terminology: a compact connected n-dimensional manifold
M is called R-oriented for a commutative ring with identity R, if H,(M,0M; R) = R.
In particular, any manifold is Zs-oriented, and an oriented manifold is R-oriented for

any ring R. For a reference, see [Sp].

THEOREM 2.7. (Lefschetz) Let M be a compact n-dimensional, R-oriented mani-
fold. Then there is an isomorphism T : HY(M; R) — H,_,(M,0M; R). Furthermore
if R is a PID (principal ideal domain) and Hy_1(M; R) is free then HY(M;R) =
Hom(H,(M;R),R) and for o € HYM;R) and ¢ € Hy(M;R) one has: afc) =
alg(c, (@), where alg(c, 7(c)) € R is the algebraic intersection number of ¢ and 7(a)
in M (alg: H(M;R) x H,_4(M,0M;R) = R).

We use Lefschetz’ Theorem to show that the covering h : M — M, is determined
by a 2-chain whose boundary is a multiple of v,. Because we work with ¢ = 1,

then H, (M, R) is free and we can use the intersection number interpretation of the

Lefschetz’ Theorem.

LEMMA 2.8. Let M be a closed orientable p-periodic 3-manifold. With the notations

as before, one has:
(1) v =0 in Hi (M., Z,).

(2) There is a 2-chain C € Co(M.,, Z,) such that 0C = my, mod p and the covering
h: (M —7v)— (M. — 7.) is yielded by the map ¢c : H\(M, — v.) = Z, where
dc(K) is the intersection number of K with C (i.e. for a 1-cycle K € M, — 7,
dc(K) = alg(K,C) where alg(K,C) is the intersection number of K with C,

well defined mod p)°. In particular ¢c(u.) = m, where . is a meridian of vs.

SIf Ho(M,,Z) =0, then alg(K,C) = lk(K,m.), but generally alg(K,C) depends on the choice
of C.
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ProoF. To work with Lefschetz” Theorem we have to consider compact manifolds.
Thus, instead of M, — v, we consider a homotopically equivalent compact manifold
M, = M, — int(V,.), where V,_ is a regular neighborhood of 7, in M,. Similarly,
let V;, = h='(V,,) be a Z,-invariant regular neighborhood of v in M. Let also M =
M — int(V,). Since h: M — M, is a regular covering, it is characterized by an
epimorphism m, (M,) — 71 (M,)/m (M) = Z, (up to an automorphism of Z,). Thus,
since Z, is abelian, h is defined by an epimorphism ¢ : Hl(J\Zf*) — Z,, where ¢ is
unique up to an automorphism of Z,. Let C be a 2-cycle representing the element
of HQ(J\Z/*, OM,; Z,) dual to the epimorphism ¢, that is, such that alg(K, C’) = ¢(K)
(mod p) for any K € Hy(M,). We can assume that C' N M, is a collection of simple
noncontractible curves in the torus aM*. Finally let C be a 2-chain obtained from C
by adding to C annuli connecting the components of C N OM, with v in V,, . Thus,
C of part (2) is constructed.

Let p1, be a meridian of 7, (or more precisely, of V., ). ¢(us) #0 (mod p) because
v, is a branching set of the covering, so the preimage of y, (under h) is a connected
curve u, (a meridian of v in M), by the definition of a branched covering. Thus, there
is 0 < m < p such that ¢(u.) = m. We can conclude also that mvy, = dC mod p,

thus v, = 0 in H,(M,; Z,). O

By the core of the surgery we mean the framed surgery link, that is the framed link,
regular neighborhood of which is removed in the “drilling” part of the surgery, with
framing determined by the meridian of the attached (“filling” part of the surgery)
solid torus. The co-core of the surgery is the core of the “filling” solid torus, with its
framing determined by the meridian of the removed solid torus. The surgery on the

co-core link brings back the initial manifold.

PROOF OF THEOREM 2.1. By the classical result of Wallace (1960) and Lickorish
(1962), every closed oriented 3-manifold is a result of a surgery on a framed link in
S3. In particular, M, can be represented as a result of surgery on some framed link
Ly in S®. Inversely S* can be obtained as a result of surgery on some framed link
ﬁ# in M,. We can assume that ﬁ# satisfies the following conditions (possibly after
deforming L4 by ambient isotopy):
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(1) %N Ly = 0;
(2) alg(I:;E, C) = 0 mod p, for any component I:;E of L.

Ly satisfying the conditions 1-2 can be obtained as follows:

Let Ly C S® be a framed link in S® such that M, is a result of surgery on L. Let
ﬁ# denote the co-core of the surgery. In particular, ﬁ# is a framed link in M, such
that S3 is a result of surgery on ﬁ#. By a general position argument, we can make
7, and Ly disjoint, but in order to get condition (2) we should do so in a controllable
manner.

Let C be the 2-chain from Lemma 2.8. Let I:;E be any component of ﬁ#. If we
change a crossing between f@# and <, then the algebraic crossing number, alg(I:;E, C)
changes by +=m mod p. Thus, by a series of crossing changes we can get al g(I:;E, C)=
0 mod p for any component of ﬁ#, providing condition (2).

This implies that we can easily modify C (outside ) so that C'N f/# = 0.
Therefore, C survives the surgery (as well as 7.), and in S® it has Z, boundary m-~.
and it is disjoint from Ly (link in S® being the co-core of the surgery on Ly in M,).
Thus, 1k(L%,v.) = 0 mod p for any component L, of Ly.

Now we are ready to unknot 7, using Kirby calculus ([K], [FR]). Choose some
orientation on .. We can add unlinked components with framing £1 to L4 around
each crossing of v,, making sure that arrows on +y, run opposite ways (i.e. the linking
number of v, with the new component is zero, see Fig. 2.2). Use the K-move to
change the appropriate crossings and thus to unknot ~,. Thus we trivialize v, without
compromising conditions (1) and (2). Denote the framed link obtained from the initial

link Ly after the described isotopy and adding the new components by L,.

Fig. 2.2
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Notice, that each new component that we introduce during the above procedure
has linking number 0 with any other component of L,.

To complete the proof of the theorem, consider the p-fold cyclic branched covering
of 83 by S3 with branching set 7.. Let L denote the preimage of L.. Notice that
L is strongly p-periodic. We claim that the result of performing surgery on L is
Z,-homeomorphic to M.

The preimage of each component of L, consists of p components permuted by a
Z, action, by Lemma 2.5. Therefore, Z, acts on the result of the surgery on S* along
L, M= (83, L), with a branched set v and quotient M, = (S3, L,).

The group H, (M, — . — L) = Hy (S — 7, — L) is generated by . (a meridian of
v,) and meridians of the components of L,, say by, ..., b;. Of course, Hy (M, — ) is
also generated by pi., by, . .., by. By Lemma 2.8, the covering p: (M —v) — (M, —~,) is
characterized by the map ¢c: Hy (M.—7.) — Z, (up to an automorphism of Z,), where
¢c(K) is the intersection number of K € H (M, — 7,.) with C modulo p. Similarly,
the covering p: (1\7—7) — (M, —.) is characterized by a map ¢o: H; (M, —v.) — Z,.
By our construction, ¢¢c(p.) = m and ¢¢(b;) = 0 for every 1 < i < k. We need to
show that ¢o(p.) = m' for some m' coprime to p, and ¢o(b;) = 0 for every 1 < i < k.
This follows from the fact that p~'(b;) consists of p loops and p~'(u.) is a single
loop. Thus, ¢, and ¢¢ are equivalent up to the automorphism of Z, sending m' to
m. Therefore, the manifolds (M — ) and (M — 7) are Z,-homeomorphic, with a
homeomorphism given by g: (1\7 — ) = (M — ) such that p = pog. Notice, that
M can be obtained from (1\7 — v) by attaching a 2-handle along p~'(u,) and then
a 3-handle, and M can be obtained from (M — 7) by attaching a 2-handle along
p~'(u.) and then a 3-handle. Since g(p~'(1x)) = p~'(11+), the homeomorphism g can
be extended to a Z,-homeomorphism g: M — M. Our proof of the Theorem 2.1 is
completed. O

REMARK 2.9. Notice, that if in the proof of Theorem 2.1 we assumed that the link
Ly was algebraically split then the link L, would be algebraically split as well. This

remark will be important later in the proofs of Theorems 2.3 and 2.4.

As a corollary we obtain a proof of Theorem 2.2.
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ProOOF OF THEOREM 2.2. Consider any Z, equivariant knot, say 4 in M. Let V5
be a Z, equivariant regular neighborhood of 4 in M and +' a curve on 0V; which is
also Z, equivariant. Notice, that +' intersects a meridian of V5 exactly once. Now let
M’ be a manifold obtained from M by a surgery on 4 with the framing defined by
7. Let v € M’ be the co-core of the surgery. The Z, action on M yields the action
on M’ and our choice of framing guarantees that « is the (only) fixed point set of
the action. Thus, we can apply to M’ the previous theorem. This proves that M can
be obtained by an integer surgery on L U v, where L is a strongly p-periodic link.
Furthermore, the framing of v must be coprime to p, to insure that Z, acts on the

resulting manifold with no fixed points. O

REMARK 2.10. We plan to extend Theorem 2.1 to any Z, orientation preserving

action on a closed 3-manifold M, and to Z,» actions.

2.2 Homology of periodic 3-manifolds

The main goal of this section is to give elementary proofs of Theorems 2.3 and 2.4

using the surgery presentation of p-periodic 3-manifolds developed in Section 1.

2.2.1 Linking matrices of framed strongly p-periodic links and of
algebraically split links

Let L be a framed oriented link of n components ly,...,[,. The linking matriz of L

is the matrix (a;;)nxn defined by

iy =

1k(1;, ;) ifi#£j

- {framing of I, ifi=j
Let L? be a framed strongly p-periodic link and L, be the corresponding underlying
link. Fix an orientation of L, and denote the components of L, by l4,...,[,. Consider
a p-periodic diagram of LP. Denote the p copies of the tangle R from the diagram (see
Fig. 2.1) by Ry, ..., R, in the clockwise order. Lift the orientation of L, to L. By

Lemma 2.5, each component /; of L, has p covering preimages in L?. Denote them in
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a clockwise order by l;1,..., ;. By the clockwise order here we mean such an order
that if we choose any point z € [;; N R; then the corresponding point in R, will
belong to l;;41 (subscripts are treated modulo p).

Now consider the following natural order for the components of L?:

lll,---7l1p7l217---7l2p7---7ln17---7lnp-

It is not hard to see that with regard to this order, the linking matrix A, for L” is of

the following form

An Bia -+ B,
4, = B.21 A.22 B.2n ,
Bnl Bn2 e Ann
where all the blocks are p X p, A;; is the linking matrix for the sublink consisting of
lit, ..., lip, and Bj; is the matrix with elements b, = Tk(li, l;,)-
Recall, that a matrix (a;)gx is called circulant if a;; = ajt141, 6,7 = 1,...,k

(subscripts mod k).

PROPOSITION 2.11. Every block in A, is a circulant matriz.

ProoF. Consider Bjj = (bY),x,. Then b7, = Ik(l, l;s) and b7, . = Ik(ligs1, Ljsr1)-
If one rotates the p-periodic diagram of L? around the center in the clockwise direction
by 27 /p then the pair (lig,l;s) will go into (ljx41,js4+1), taking subscripts modulo p.
Thus, Ik(lig,ljs) = 1k(lig41,1js41). If we notice that the framing numbers of l;1,. ..,y
are all the same, then the above argument shows that A;; is also circulant for any

1=1,...,n. O

DEFINITION. We will call a (framed) link L algebraically split if the linking number
between any two components of L is zero. A strongly p-periodic (framed) link L? will

be called orbitally separated if the underlying link L, is algebraically split.

REMARK 2.12. It is not hard to see that a strongly p-periodic link L? is orbitally
separated iff any two components of LP that cover different components of L, have

the linking number equal to zero.
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COROLLARY 2.13. It follows from Proposition 2.11 and Remark 2.12 that L? is an

orbitally separated link iff all the non-diagonal blocks B;; in A, are zero matrices. O

2.2.2 Nullity of symmetric circulant matrices over Zy

Circulant matrices are very well studied and a lot is known about them (see, for
instance, [Dal]). But, apparently, not much is known about circulant matrices over
finite fields (or rings). The following two results provide the key tool for our proof of
Theorem 2.3, but they also appear to be interesting from a purely matrix theoretical

point of view.

LEmMmA 2.14. If

a dado ag - Qp,

anp Q1 G2+ QOp1
A=

ao Az Qg *-* ay

s a circulant matriz with integer elements then

al +ay+...+a} (modn), ifn isodd;
detA:{ 1 2 ( ), if

at —ay+...—a’ (modn), ifniseven.
PROOF. The determinant of A is a sum of n! terms. The terms of the form af,

1 = 1,...,n, will be called diagonal. Note that any term different from diagonal

appears in the sum exactly n times:

A Qg Qo o - Ay

Note that the sign for all such terms is the same. To prove this we need to show that
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the permutations

1 2 3 --- n 1 2 3 i)
T T I
11 tg I3 i tn+1 91+1 44+1 -+ 4, 1+1

have the same parity (everything is modulo n). Obviously,

1 2 3 n
(in-i—l i+l gl e in_1+1>:
2 3 n 1
<i1+1 to+1 o0 g+l in+1>.
Therow (2 3 4 --- m 1) has n— 1 inversions. The numbers of inversions in
(i1 42 -+ ip)and (i7+1 42+1 --- i, +1) also differ by n — 1. Thus the

parities of ¢ and ¢’ are the same. Therefore, the total sum of all non-diagonal terms

in det A is 0 mod n. The result follows. O

Denote the nullity of A over Z,, (the size of A minus the rank of A over Z,) by
null, A.

LEMMA 2.15. Let p be an odd prime integer and A be a p X p symmetric circulant
matriz over Z,, then null,A # 1.

PROOF. Assume null,A >0, 1. e. a} +2d5+. .. +2a’,’%1 =aq;+2a+... +2a,%1 =0
(mod p), by Lemma 2.14 (the second equality follows from Fermat’s theorem). After

adding all rows to the last one and all columns to the last column we get

{ a, Qg das --- a3 0\
Qo ap ao -+ a4 O
det A = det
as a4 as ap 0
\0 0 0 - 0 0)

Denote the ith column of the above matrix by C;. Then the linear combination

(p—1)C+(p—-2)Co+...+2C,_2+Cp_y
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is 0 modulo p. Indeed, the ith row of the linear combination is
(p—1Va;+ (p—2)aj1+ ...+ 2a;_3+ a;_o,

all the coefficients and subscripts are modulo p. It is not hard to see that after the
substitution a; = —2ay — 2a3 — ... — 2az41, the coefficient for ay (k # 1) in the above

sum is

—2(p =)+ @—-(+k)+@—-(-k) =0
Thus, if det A =0 over Z,, then null,A > 2. O

1 1
REMARK 2.16. Lemma 2.15 is not true if p = 2. For instance, nullity of (1 1) is

1 over Z,.

2.2.8 Proof of Theorem 2.8

In this section we will prove Theorem 2.3, the main theorem of Section 2. Let M be
a closed oriented 3-manifold obtained by a Dehn surgery on a framed oriented link

L, and let A be the linking matrix of L. The following fact is well-known.
LEMMA 2.17. null,A = rank H,(M;Z,). O
Now we are ready to prove an important special case of Theorem 2.3.

PROPOSITION 2.18. Let p be an odd prime integer. If a closed orientable 3-manifold

M can be obtained from S® by Dehn surgery on an orbitally separated framed link LP
then H\(M;Z,) # Z,.

PROOF. Assume that M can be obtained by Dehn surgery on an orbitally separated
framed link LP. Let A, be the linking matrix of L?, as constructed in Section 2.1.
By Corollary 2.13, A, is a block diagonal matrix. Therefore, null,A, is equal to the
sum null,A1; + ... + null,An,. By Proposition 2.11, each A;; is a circulant matrix.
Moreover, since A, is a linking matrix, each A;; is symmetric. By Lemma 2.15,
null,Ai; # 1, hence, null,A, # 1. It follows from Lemma 2.17, that H,(M;Z,) # Z,.
O
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To finish our proof of the main theorem of Section 2 we need the following result
(Corollary 2.3 in [Mu2]).

PROPOSITION 2.19. (H. Murakami) Fiz an odd prime r. For every connected, closed,

oriented 3-manifold M, there exist lens spaces L(ny,1),..., L(ng, 1) with n; coprime
to T such that the connected sum M#L(ny,1)# ... #L(ng, 1) can be obtained by Dehn
surgery on an algebraically split link with integer framing. O

Now we are ready to prove Theorem 2.3 in full generality.

PrROOF OF THEOREM 2.3. Let M be a p-periodic closed oriented 3-manifold and
M, = M/Z,. By Proposition 2.19, there are integers ni,...,n coprime to p such
that the connected sum M, = M,#L(ny,1)#...#L(ny, 1) can be obtained by Dehn
surgery on an algebraically split framed link L,. Consider M = M #pL(ny, D)#...#
#pL(ng,1). Obviously, M is p-periodic such that M, = M /Z,. Moreover, it easily
follows from the proof of Theorem 2.1 that M can be obtained using Dehn surgery
on an orbitally separated framed link (see Remark 2.9). Therefore, by Proposition
2.18, HI(M; Z,) # Z,. Since the numbers n,,...,n; are coprime to p, we have
Hy(L(n;,1),Z,) = 0 for every i. This implies that H,(M; Z,) = H\(M;Z,) # Z,. O

2.2.4 Orientation preserving Zs actions. Proof of Theorem 2.4.

REMARK 2.20. Theorem 2.3 is not true in the case p = 2. A simple counterexample
is §% x S'. It is interesting to notice that S? x S! admits two different orientation
preserving actions of Zy with the fixed point set being a circle. Indeed, let H(1,1)
be the negative Hopf link with framing 1 on each component and let H(—1,—1) be
the negative Hopf link with framing —1 on each component (see Fig. 2.3). Dehn
surgery on each of these framed links produces S? x S!. Moreover, permutation of
the components defines Z, actions on S? x S! with a circle as the fixed point set.
These two actions are different. In the first case the orbit space of the action M, is
S? x S', and in the second case M, = RP3. Furthermore, one can see that in the
first case Zy acts on Z = H;(S? x S') trivially, and in the second case it sends 1 to

—1. Both of the described actions were studied in [Pr3].
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H(1,1) H(-1,-1)
Fig. 2.3

An interesting criterion for 2-periodic rational homology 3-spheres is provided by
Theorem 2.4. Before we prove it, let us recall that every finite abelian group can be
uniquely decomposed into a direct sum of cyclic groups whose orders are powers of

prime numbers. Such decomposition will be called canonical.

Proor oF THEOREM 2.4. Let M be a rational homology 3-sphere such that
H,(M,Z) does not have elements of order 16. Assume that M admits an orientation-
preserving action of Zy such that the fixed point set is a circle. As before, let
M, = M/Zs be the orbit space of the action. By Theorem 2.1, M can be obtained
using Dehn surgery on a strongly 2-periodic framed link L? with the underlying link
L,. By Lemma 2.6, M, is also a rational homology 3-sphere. Therefore, M, can be
obtained by surgery on an algebraically split framed link (see [Mul], [O1]). Thus,
we may assume that L, is algebraically split (see Remark 2.9). By definition, L? is
orbitally separated, and by Proposition 2.11 and Corollary 2.13 the linking matrix
of L? is block diagonal with every block being a 2 X 2 symmetric circulant matrix.
Recall that the linking matrix of L? can be considered as a presentation matrix for

the abelian group H,(M,Z). Therefore, it is enough to show that every finite abelian
a b

group G presented by a matrix A = (b ) with a,b € Z either has an element of
a

order 16 or there are even number of terms Z, and even number of terms Z, in the
canonical decomposition of G, moreover it is possible that the canonical decompo-
sition of GG contains only one term of the form Z,: for any £ > 3. Denote by g the

greatest common divisor of @ and b. Since G is finite, we have detA # 0 and g > 0.

: : o g 0
It is easy to see that G can be presented by the diagonal matrix A = (0 \detA| )

Therefore G ~ Zy © Zget 44 (here by Z; we mean the trivial group). !
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If a and b are both odd then g is odd and 1“4l is divisible by 8.
If a and b are both even then ¢ is even. Let ¢ be the power of 2 in the prime
decomposition of g. We have two different cases: 1) % is odd. Then G ~ Zgy,y: @

Zot @ Zot ® Zoy, 1, where 2] +1 = |dge2t;4|. 2) |d‘;§A| is even. This means that both
2 and 2 are odd and therefore W;—';A' is divisible by 2%, s > 3, which implies that

g g
G ~ Zgjyt ® Lot © Zost+s D Zopy1, where 2h + 1 = gl;fﬁ. In this case we have an

element of order 2°, which is at least 16.

We are left with the case when one of the numbers a and b is even and the other
one is odd. But in this case g is odd and |detA| is odd.

Therefore, if G does not have elements of order 16 then the number of terms
Z, and the number of terms Z, in the canonical decomposition of G are both even
numbers. To see that it is possible to have a single Zg term, consider the case a = 3
and b = 1 (An example of a manifold with such first homology is the lens space
L(8,3)). O

COROLLARY 2.21. Let M be a rational homology 3-sphere such that the group
H(M;Z) does not have elements of order 8. If M admits an orientation preserving
action of Zy with the fixed point set being a circle then H\(M;Zy) ~ Z%* for some

even integer m.



CHAPTER 3
MURAKAMI-OHTSUKI-OKADA INVARIANTS AND
DIJKGRAAF-WITTEN INVARIANTS AND PERIODIC
3-MANIFOLDS

In this section we will study two simple quantum invariants: Murakami-Ohtsuki-
Okada invariants and Dijkgraaf-Witten invariants. We will concentrate on the values
of these invariants for certain classes of periodic 3-manifolds. More specifically, we
will relate values of the invariants for periodic 3-manifolds and their corresponding
orbit spaces.

In Section 1 we give a definition and study some basic properties of Murakami-
Ohtsuki-Okada invariants. In Section 2 we study Murakami-Ohtsuki-Okada invariants
of p-periodic 3-manifolds, i.e., 3-manifolds with an action of Z, such that the fixed
point set is S!. In Section 3 we define Dijkgraaf-Witten invariants. In Section 4 we
study Dijkgraaf-Witten invariants of arbitrary 3-manifolds admitting Z,-actions.

Similar results for Reshetikhin-Turaev invariants and for Turaev-Viro invariants
were obtained by P. Gilmer [Gi]. This part of our research was influenced by methods
from [Gi] and [KB-Pr]. The results of this chapter were reported at the AMS meeting
in Las-Vegas, Special Session on Symmetries of Knots and 3-Manifolds, April 1999
[S9].

3.1 Murakami-Ohtsuki-Okada invariants

Let A = (Ai;) (1 < 4,7 < n) be the linking matrix of an n-component oriented framed
link L, that is, A;; is the linking number between i-th and j-th components of L and
Ay is the framing number of the i-th component of L. Denote by o(A) the signature

of A (the number of positive eigenvalues minus the number of negative eigenvalues).

46
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Let N > 2 and d > 1 be coprime integers with NV + d being odd, and put ¢ = e

Note that ¢ is a primitive N-th root of unity if N is odd and a primitive 2N-th root
of unity if NV is even. The N-th Murakami-Ohtsuki-Okada invariant was defined in
[MOO)] by the following formula:

—o(A)
moovania) = (jgiy) G0 3

where M7, is the 3-manifold obtained by the surgery on L and Gn(q) = D ez, ¢". To
simplify notations, sometimes we will write M OOy (M},) instead of MOOy(My; q).
Notice, that Gy(q) is the famous Gaussian sum. Its properties are well-known

(see, for instance, [L]):

heZ,

(14+1i)y/n, whenn=0 (mod 4)

(3.1) Z eripz _ Vv, when n =1 (mod 4)
. en =

0, when n =2 (mod 4)

( )

i/n, when n =3

If n is odd and & is coprime to n then

(3.2) 3 e = ( ) 3 s,

heZ, heZ,

where (£) is the Legendre symbol, that is (£) = 1 if there exists an integer ! such

that > =k (mod n), and (%) = —1 otherwise. If n is even and k is coprime to n
then

Z en M =0 e=n=2 (mod 4).

hEZy,

In particular, it follows that G (gq) # 0.
By definition the values of MOOy(M;q) lie in the field Q(g). The following

proposition easily follows from the equation (3.1).

PROPOSITION 3.1. Consider the natural field monomorphism n: Q(q) — C defined
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by
eZ™/N  if N is odd,
MND =9 rionw o v s
e =N af N is even.
Then
VN, if N =1 mod 4,
n(Gn(g)) =} VN, if N =3 mod 4,

(14+4)4/N/2, if N is even.

In particular, |GN(q)|2 =Gn(g)-Gn(g) = N.

PROOF. If N is odd then the proposition is obvious. Assume that NV is even. In this

(1+i)\/§.

To finish the proof, notice that if @ € Q then 7n(a) = . O

case

1(Gx(q)) = Z (e2T/2N Y % Z G2mih? (2N _ %(1 VAN

heZy h€Zon

The following useful theorem was proven in [MOO]. Here U means the usual cup

product.

THEOREM 3.2. ([MOO]) If there exists « € H'(M;Zy) with « Ua U« # 0 then
MOON(M) = 0, otherwise |[MOON(M)| = |H'(M;Zy)|'/?, where | - | in the right
hand side is the order of the set. For odd N, a U aU « is always zero.

In order to simplify the statements of our results we will sometimes use a different

normalization for Murakami-Ohtsuki-Okada invariants:

Gn(q)
|Gn(q)]

—B1(M)
MOO%(M;q) = - MOOyN(M; q),
N

where (M) is the first Betti number of M. Notice that with notations as before,

(33)  MOO(Miq) = (G(g) 400 . @n(g) ™ - 3. ¢4,

ez,
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where b, and b_ are the numbers of positive and negative eigenvalues of A. Indeed,

(Grla) P (@) = (G Gl =
_{ Gn(q) _a_ﬁl(M). “n
- (iGxa) Gt

The last equation follows from the fact that (M) is equal to the nullity of A.

LEMmMmA 3.3.
MOOY(M;q) € Z[g,1/N]

PRrOOF. This follows from the equation (3.3) and the fact that Gy(¢)Gn(¢) = N
(see Proposition 3.1). O

The following theorem will be very important in the next section. Here rkH,(M;Z,)

means the rank of Hi(M;Z,) as a vector space over Z,.

THEOREM 3.4. Let p be an odd prime integer. Then
MOO}(M; q) = £(Gp(q)) F (M%),

In particular, MOO;(M; q) € Z]q].
ProoOF. Let L be an n component framed link, surgery on which produces M. Let
A be the linking matrix of L. Since p is odd, we can diagonalize A as a matrix over

Z,, that is, there exists a matrix S € SL(n, Z) such that
S'AS = @P(d;) (mod p).
j=1

(see, for instance, [MOO], p. 554)
We can assume that di,...,d; are not zeros modulo p and dgy1 = ... =d, =0
(mod p). Notice that G,(1) = p, therefore

n

n k
Z qltAl = H Z qdih2 = H Gp(qdi) = pn_k H Gp(qdi)-
i=1 i=1

7 i=1 \heZ,
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Equation (3.2) implies that for 1 < i < k, G,(¢%) = £G,(q). Thus,

> ¢ = 4p (G ()"

leZp

Since p is odd, Gp(q) = +Gp(q), and p = +G,(q)? (see Proposition 3.1). Therefore,
by equation (3.3) we have

MOO;(M, Q) — :I:(Gp(q))_b+_(n_k)_b_+k .pn—k — :t(Gp(q))n_k.

It remains to notice that n — k = rkH,(M; Z,). O

3.2 Murakami-Ohtsuki-Okada invariants and periodic

3-manifolds

Fix N > 2 and let ¢ be a root of unity as before. Let L be an n component framed

link with the linking matrix A. We will use the following notation:

[L], = Z qltAl'
leZp
Notice that [L], € Z[q].

Throughout the rest of this chapter we will use the following convention. For
a,b € Z[q] we will writea = b (mod p) meaning that a and b are equal as polynomials
in ¢ with coefficients treated modulo p. If a,b € Z[q,1/N] where N is coprime to p,
then N can be inverted modulo p, and therefore, modulo p, a and b can be considered
as elements of Z,[g|, and the equation ¢ = b (mod p) in this case will mean that a

and b are equal as elements of Z,[q|.

Lemma 3.5. Let L be a strongly p-periodic framed link for some prime integer p. Let

L, be its underlying link (see Chapter 2 for definitions). Then

[L7]g = ([Lu]g)"  (mod p).
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PRrOOF. Notice that the vectors [ € Z, in the above sum can be treated as colorings
of components of L by the elements of Zy. Every such coloring of L, can be lifted
to a coloring of L? such that the corresponding terms in the sums [L,], and [L?],
are related as ¢° and ¢#. All other colorings of L? are permuted by the Z, action,
therefore their contribution to the sum is 0 modulo p. Thus, if [L.], = ¢*' +. ..+ ¢%*,
then [LP], = ¢P™ + ...+ ¢P% = (¢" + ...+ ¢")? (mod p). O

THEOREM 3.6. Let M be a closed oriented 3-manifold and Z, acts on M with the
fized point set S* for some prime p. Let M, be the orbit space of the action. If N is

an odd integer coprime to p, then

(MOO¥N(M,;¢))? (modp) if N=1 mod 4,

MOON(M;q) =
w(M:q) {:I:(MOO}‘V(M*;Q))” (mod p) if N =3 mod 4.

Proor. By Theorem 2.1, M can be obtained by the surgery on a strongly p-periodic
framed link LP. Let L, be the underlying link. The manifold M, can be obtained by

surgery on L,.

Case N =1 (mod 4). In this case Gp(q) = Gp(q) (see Proposition 3.1), therefore

1 Gn(q) _

Gn(q) N
\ n (Gn(g))"
MOON(M.; q) = (Gn(q)) "[Lu]g = —n [Lqs
where n is the number of components of L,. By Lemma 2.5, the number of compo-

nents of L? is pn. Therefore,

MOOR(M; q) = 7@;\;33)% g

Let N be an integer such that NN =1 (mod p). Then

MOO%(M,; q) = N*(Gn())*[L]q € Zp[d]
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and
MOOY(M;q) = N"(Gx(g))™ (L))" € Zy[q],

where the last equation follows from Lemma, 3.5.

Case N =3 (mod 4). By Proposition 3.1, G,(q) = —G,(¢g). Repeat the same

steps as in the previous case. Unfortunately, we do not have much control over the

sign, therefore we leave + in the formula. O

REMARK 3.7. Note that Lemma 3.5 does not give a criterion for periodicity of links.
For any framed link L there is a strongly p-periodic framed link L such that [L], =
[L?], (mod p) aslongas (N, p) = 1. Indeed, assume [L], = ap+a,q+. . .+arg® € Z[q]
and let A be the linking matrix of L. Let L, be a framed link with the linking matrix
pA, where p is the inverse of p in Zy. Let LP be a strongly p-periodic framed link
such that L, is its underlying link. By lemma 3.5, [L], = [L?], (mod p).

The previous remark proves that Theorem 3.6 does not provide any restrictions
for 3-manifolds to be p-periodic. A non-trivial periodicity criterion is given by the

following theorem.

THEOREM 3.8. Suppose that a closed orientable 3-manifold M admits a Z, action
with the fired point set equal S' for some odd prime p. Then either MOO;(M; q) =
+1, or MOO;(M;q) =0 (mod p).

PRrOOF. First of all, it makes sense to consider MOO;(M; q) modulo p, because by
Theorem 3.4, MOO;(M; q) € Z[g]. Moreover, by the same theorem, MOO,(M;q) =
+(Gp(q))*H1(MiZy) - By Theorem 2.3, rkH,(M;Z,) # 1. Since (G,(g))? = +p (see
Proposition 3.1), for any k£ > 2 we have (G,(¢))* =0 (mod p). The result follows.
O

3.3 Dijkgraaf-Witten invariants

Dijkgraaf-Witten invariants of 3-manifolds were defined by Dijkgraaf and Witten in
[DW] in 1990. Combinatorial definitions were given later in several papers, see for
instance [Wak] and [FG]. Before we define Dijkgraaf-Witten invariants we need to

recall some basic group cohomology. We will mostly follow [Wak]. See, also, [Br| and
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[AM] for further details. Let G be a finite group and V be a multiplicative abelian

group. Denote the set of all maps

ffGX...xG—=>V
N————

n

by C™(G;V). Define a coboundary operator §":C"(G;V) — C"(G;V) by the

following formula:

(6”f)($1, R ,IEn+1) = f(fEQ, . 7:En+1)'
' (H f(xh ceey gt Ljg1y e e 7:En+1)(_1)i> f(zl, . ,$n)(_1)n+1
i=1

In the usual way, set
H™(G;V) = Ker 6" /ITm "'

Fix a finite group G and o € H*(G;Q/Z). Let M be a compact oriented 3-
manifold. Fix a triangulation T' of M. Denote (and thus order) the vertices of the

triangulation by vy,...,v,. By a coloring of T' we mean a map
¢: {edges of T} — G.

A coloring ¢ is called admissible (¢ € AdmgT) if for each face c of the triangulation we
have ¢(eg;)d(e12)d(e0) ™' = 1in G. Here eq, €12, and eqy are the edges of ¢ connecting
the vertices v; and v, v; and vi, and vy and v; respectively, where ¢ < j < k.

Let ¢ be a tetrahedron of T with the vertices v;(), Ui(1), Vi(2), Vi(3), Where i(0) <
i(1) < i(2) < i(3). Denote the edges of ¢ by exs, k,s = 0,1,2,3, such that ey, is the
edge connecting the vertices v;x) and v;5). Notice, that any admissible coloring ¢ of
t is completely defined by ¢(eo1), ¢(e12), and ¢(ess) (see Fig. 3.1).

Notice that the ordering of the vertices of ¢ induces an orientation on . Set

1,  if the orientation of ¢ induced by the ordering of the vertices
e(t) = and by the orientation of the manifold coincide;

—1, otherwise.
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95 k

Fig. 3.1.

Fix
W (t,¢) = a(p(eor), dlera), dle2))* ™ € Q/Z.

The Dijkgraat-Witten invariant for the 3-manifold M, finite group G and « €
H3(G;Q/Z) is defined as follows

DWoa(M) = gz > [[W(to

P AdmaT teT

(compare to the definition of Turaev-Viro invariants from Chapter 1), where |G|

denotes the order of the group G.

REMARK 3.9. Since G is finite, for any fixed o € H3(G; Q/Z) we have Im o C< q >,
where < ¢ > is the cyclic group generated by a certain root of unity ¢q. Thus, by
definition, DWg (M) € Z[ﬁ,q].

REMARK 3.10. Our normalization is chosen so that
DWgo(M) = |G| - {invariant defined in [Wak]}.
The benefit of our normalization is that if « is trivial and M is closed then
DWg (M) = {number of representations of m (M) over G}

(see, for instance, Remark on p. 679 from [Wak]).

REMARK 3.11. Normally, Dijkgraaf-Witten invariants are defined using R/Z in the
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places where we use Q/Z. Our restriction for the coefficients of the group cohomology
allows the important property DWg (M) € Z[|—(1;|, q] (see Remark 3.9). In fact, since
G is finite, we suspect that using Q/Z instead of R/Z does not change the result
anyway, but we decided to leave further investigation of this question to the readers.
We only want to add that since Q/Z = U(1,Q), our choice for the coefficients is
entirely valid (see [FG]).

REMARK 3.12. It follows from Remark 3.10 that if GG is a finite abelian group, « is

the trivial cocycle, and M is a closed oriented 3-manifold, then
DWe o(M) = |H' (M;G)|.

In particular, by Theorem 3.2, if « is trivial and for each 8 € H'(M;Zy) we have
BUBUB =0, then
DWyy o(M) = [MOON(M)[.

In Appendix A we will show how to define Dijkgraaf-Witten invariants using

singular triangulations and simple and special spines of 3-manifolds.

3.4 Dijkgraaf-Witten invariants and periodic 3-manifolds

In this section we will follow the same conventions for equivalence modulo p in Z[ﬁ, q|

as in section 2.

THEOREM 3.13. Let p be a prime number and M be an oriented 3-manifold such
that Z,, acts on M. Let M, be the orbit space of the action, that is M, = M/Z,. For
any finite group G whose order is not divisible by p and for any o € H*(G; Q/Z) we
have

DWego(M) = (DWgo(M,))?  (mod p).

PRroOOF. Let v € M be the fixed point set of the action, and let v, € M, be the image
of v under the natural map M — M, = M/ Z,. Fix a triangulation T, of M, such
that 7, lies in the 1-dimensional subset of T,. Let T" be the triangulation of M lifted



o6

from T,. Order the vertices of T,. This ordering induces an orientation of the edges
of T, and thus, an orientation of the edges of T'. Note, that the orientation of the
edges defines an ordering of the vertices for each tetrahedron of 7', thus it provides
sufficient data for calculation of the invariant. It follows from our construction that
each admissible coloring of T, lifts to an admissible coloring of T'. As each tetrahedron
of T, is covered by p tetrahedra of 7', the contribution of a lifted coloring to the
sum for DWg (M) is the p-th power of the contribution of the original coloring to
DWeg,o(M,). Z, acts freely on the set of colorings of T' which are not lifts of some
coloring of T,. Thus, the contribution of the non-equivalent colorings is a multiple of

p. Making use of the equation 2z + y?» = (z + y)? (mod p) we have

> HW(t,¢>=( > HW(t,qs)) (mod p)

S AdmeT t€T € AdmcT. teTs

Let n be the number of vertices of T' and n, be the number of vertices of 7,. Let A
be the number of vertices of T, that lie on .. Set £k = n, — h. Then n = h + pk.
Since |G| = |G|* (mod p), we have

G"? = |G"|GI™ = |G|*  (mod p).

Therefore,

1 1
iy = re (mod p).

|G
The result follows. O

COROLLARY 3.14. If G is abelian, then |H'(M;G)| = |H'(M,; G)| (mod p).

THEOREM 3.15. Suppose that a closed orientable 3-manifold M admits a Z, action
with the fized point set equal to S* for some odd prime p. Let o be the trivial element
of H¥(Zy; Q/Z). Then DWz, o(M) # p.

PRroOF. Directly follows from Remark 3.12 and Theorem 2.3. O



CHAPTER 4
TWO-TERM SKEIN RELATIONS AND QUANTUM
INVARIANTS OF THREE-MANIFOLDS

In 1990 Lickorish showed how to construct Reshetikhin-Turaev (SU(2) ) invariants
from the Kauffman bracket skein module (see [Li2], [Li3], [Li4]). Recently, Y. Yokota
constructed other quantum SU(N)-invariants using Lickorish method on HOMFLY
skein module [Yo]. For an overview and some generalizations of Lickorish method
see [B]. In section 1 we will remind definitions of the simplest known skein modules,
S and S, (the later is also known as the g-analog of the first homology, see [Prl],
[Pr4]), and Lickorish’s method for constructing 3-manifold invariants. In section 2
we will show how to construct Murakami-Ohtsuki-Okada invariants ([MOOQ]) using
Lickorish’s method. In section 3 we will show that if ¢ is a root of unity then no other
invariants can be obtained using Lickorish’s method on & and S, (see Theorem 4.7).

In Section 4 we study Deloup’s invariants 7(M, G, &) (see [De]). Essentially in-
troduced by V. Turaev via a simple example of modular categories [T2], these in-
variants are an interesting generalization of the Murakami-Ohtsuki-Okada invariants
for 3-manifolds. Here G is a finite abelian group and £ : G — Q/Z is a quadratic
form. Deloup showed that these invariants depend only on the first Betti number
and the linking form of the manifold. Recently, Deloup and Gille proved that these
invariants keep all the information about the linking form and the first Betti number
([DG]). Moreover, they proved that all the information can, in fact, be recovered
from two special cases: 7(M, Z,~, (1/p")), for prime p, and 7(M, Zgn X Zon, Q)y,). Here
T(M, Zyn, (1/p"™)) coincides with the Murakami-Ohtsuki-Okada invariant of order p™,
and @, is the quadratic form defined by Q,(z,y) = zy/2". As we mentioned above,
Murakami-Ohtsuki-Okada invariants can be obtained using Lickorish construction on
the skein module S, (g-analogue of the first homology). In section 4, we show that

T(M,Zgn X Zan,Qy,) can be similarly defined using another simple skein module, we

a7
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call it dichromatic skein module, which turned out to be the tensor product of two
copies of Sy (see section 5). Using the dichromatic skein module we give a simple
definition of a linking number between two links in an oriented 3-manifold (compare
to [Kal).

The results from sections 1, 2 and 3 where presented at the conference Knots in
Hellas 98 [S10]. After the talk the author was told that for the skein module S, very
similar results where obtained by Mohamed Ferhane [Fe]. Most of the results from
sections 4 and 5 were presented at the Joint Mathematics Meeting in Washington,

DC in January 2000, Special Session on Invariants of Knots and 3-Manifolds ([S8]).

4.1 Skein modules S and S; and Lickorish method for

constructing 3-manifold invariants

DEFINITION. ([Prl]) Let £f denote the set of isotopy classes of framed oriented links
in an oriented 3-manifold M (including the empty link @). Let R be a commutative
link with identity, and let ¢ be an invertible element of R. Let us consider the

submodule S/ of RL/ which is generated by the following skein expressions:

X aX o)

We define the skein module S as S(M; R, q) = RLS/S. We will denote S(M; Z[q*'], q)
by S(M; g).

DEFINITION. ([Prl], [Pr4]) Let £f = £ — {0}, where () denotes the empty link. Let
S2f be the submodule of RLS generated by the following skein expressions:

X < oo |

Define the skein module S, (g-analog of the first homology group) by So(M; R, q) =
RLS/SE. We will denote Sy(M; Z[g*!], ) by Sa(M;q).
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REMARK 4.1 The skein modules S(S%; ¢) and S»(S>; ¢) have a natural algebra struc-

ture with multiplication defined by the disjoint union of links.
Let T,, C S3 denote the trivial framed link of n components.

PROPOSITION 4.2. 1) §(S3;q) = Z[¢*!, o] as algebras, with isomorphism defined by
T, —a", n>0.

2) For any link L C S3, (L) = ¢°a™, where z is the sum of all elements of the

linking matriz of L and n is the number of components of L.

3) 8»(83% q) = Z[g*'] as algebras, with isomorphism defined by
T, —1, n>1.

4) The algebras S(S%;q)/(T1 — 0) and S2(S>; q) are isomorphic.

PROOF.

2) Obvious.

1) Consider a map : Zg*!, o] — S(S3;q) defined by 9(¢®a™) = ¢°T,. It is an
algebra homomorphism. Moreover, ¢ and 1 are inverses of each other. Indeed, the
part ¢ ot = id is trivial. The equation ¢ o ¢ = id follows from the fact that in
S(S3; q) any link L represents the same element as ¢°T,, iff z is equal to the sum of all
elements of the linking matrix of L and n is the number of components of L. Thus,
 is one-to-one, hence, it is an algebra isomorphism.

3) The proof is similar to the proof of part 1. Instead of ¢ consider ;. Notice that
for a link L C S3, py(L) = ¢°, with notations as before. The inverse map can be
defined by 12(¢”) = ¢*T1.

4) An isomorphism is given by 1, o ( ) with 9 o ¢, as the inverse. O

Pls(s3,00/(11-9)

Fix an element 2 € S(D? x S';¢q) (or S(D? x S';q)). Any framed oriented link
L C S3 with n components defines an oriented embedding of disjoint union of n solid
tori D2 x S into S, thus defines a multilinear map £L: S(D? x St; q)™ — S(S%;q) (or
£ 8o(D? x St q)™ — 82(S3;q)). By < € >1, we will denote the element of Z[g*!, o]
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(or Z[g*']) equal to (€X(2 x ... x Q)) (or a(&X (2 x ... x £))), where ¢ (or ¢y) is
the isomorphism defined in Proposition 4.2.

We will adopt the following traditional notations for our diagrams: an integer
n next to a string means n parallel copies of that string (with regard to the plane
of the diagram), an element Q € S(D? x S';q) (or Sy(D? x S';q)) next to a knot
diagram K means the skein element £5(Q) (or £X(Q)), i.e. the embedding of 2 into
a neighborhood of K specified by the framing of K.

EXAMPLE.

o) m

<> =0 C;@v ]=tp[©Q +2@3+26@ +

The following proposition easily follows from Kirby’s theorem [K]| as refined in
[FR]. This method for construction of 3-manifold invariants will be called the Licko-

rish method.

PROPOSITION 4.3. Assume, there are complex substitutions for ¢ and o« and there
is an element Q € 8(D? x S';q) (or Q € 8(D? x S';q)) such that the following
conditions hold:

1) For any framed link L, < Q >;, does not depend on orientation of L;

2) Let ot and o~ be the trivial knots with framings 1 and —1 correspondingly, then
< Q >q+ and < 2 >4- are not zeros;

3) The following equation holds in S(S%;q) (or 82(S3;q)) for any n > 0:
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then the number
< Q>

<Q>M<c>t

ITL’UQ(ML) =

s an tmwariant of the 3-manifold My, obtained by Dehn surgery on the framed link L.
Here by and b_ are the numbers of positive and negative eigenvalues of the linking

matriz of L. O

4.2 Murakami-Ohtsuki-Okada invariants from Lickorish
method

THEOREM 4.4 (Main Example) Fiz N > 2 such that N #2 (mod 4), and

k

Q=k§; @ (§(D2x§)

Let o =1, and q be a primitive N-th root of unity. Then the function

<Q>r
<> <>

Invg(Myp) = Invg(My; q) =

s a non-trivial invariant of 3-manifolds.
ProOOF. We only need to check that our choice for NV, ¢, and € satisfies the conditions

of Lickorish method as stated in Proposition 4.3. Indeed, condition (3) is equivalent

Z q("J’k)2 = Z qu, n=12,....

k€Zy keZyn

to the equation

This holds because k and (n + k) modulo N run over the same set of values. Note
that < Q >p1= <Q >4 =D 4z, ¢ =0if N =2 (mod 4) (see [L]), thus we
have the condition (2).
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Let framed links L and L' be different only by the orientation of the last com-
ponent [,, then < 0 >;=< Q >p,. Indeed, with notations as before, < Q >;=
02(€r(Q, ..., ), where ££(Q,...,Q) is a sum of links in S3, where each term is ob-
tained by taking k; parallel copies of the component /; of L, with (ki, ..., k,) running
over Z%. In our skein module, the effect of changing the orientation for /,, is the same
as after changing each vector (ki,...,k,) to (ki,...,kn-1, N — ky), which does not
change the total set of the vectors. Thus, the condition (1) of Lickorish method also
holds. Easy calculations on simple examples show that the obtained invariant is not

trivial. 0

REMARK 4.5. It follows from Proposition 4.2 (part 4) that constructing 3-manifold
invariants using Lickorish method on the skein module & with o = 1 is the same as

using Lickorish method on the skein module S;. Therefore, the above theorem could
be formulated with Q € S;(D? x S'; q).

The next proposition shows that the invariants described in Theorem 4.4 essen-
tially coincide with the Murakami-Ohtsuki-Okada invariants. Here 8;(My) denotes
the first Betti number of Mj. For definition and properties of Murakami-Ohtsuki-

Okada invariants see Chapter 3.

PROPOSITION 4.6. Let N be a positive integer such that N > 2 and N # 2 (mod 4).
Let q be a primitive N-th root of unity and Inva(My;q) be the 3-manifold invariant
introduced in Theorem 4.4. Let L be an oriented framed link with n components and

with linking matriz A. If N is odd then
Invg(My; q) = |G (q)|* M) MOON(My; g);
of N 1is even then

Inva(Mr; q) =[2Gy (¢)|" M MOO x (Mz; q).

w|z



PROOF. 1) Let N be odd. Then

<Q>ee= Y ¢" =Gnlg),

heZy

<Q>,-= Zq =Gn(g

h€Zy

It follows from Proposition 4.2 that

<Qs= Y 4

ez,

Therefore,

Invg(Mr; q) = Gn(q) "+ (Gn(9)) ™" D ¢ =

leZy

_ Gn(q) o —n+81 Al
- <|GN((])|> |GN(Q)| Z q )

ez,

where (3, is the nullity of A, that is the first Betti number of Mj..

2) Now consider the case when N =0 (mod 4). In this case

<Q>p= Y " =2 ¢ =2Gx(g).

hEZN hEZN
2
Similarly,
< >4-= 2G%(Q)7 and
<Q>p= Z §A = om Z A
lezy, ez
Therefore,

oMy ) = 244Gy ()@ @) 3 o4 =

Iz,
2

63
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Gy(a) \ ™" ,
:2[31 (|Gz (q)|) |G%(q)|_n+ﬂ1(ML) Z ql Al_ 0

y n
2 leZ7,
T

4.3 Uniqueness theorem

The following theorem shows that if we substitute a root of unity for ¢, then the only
3-manifold invariants that can be produced from the skein modules & and S, using

Lickorish method are Murakami-Ohtsuki-Okada invariants.

THEOREM 4.7. Let q be a root of unity and let N be the smallest integer such that
qY = 1. Assume that Lickorish method applied to some ) € S(D? x S';q) produces
a 3-manifold invariant Invg(My). Then

1) N #2 (mod 4);

2) There is a constant C such that

Invg(Mz) = CHMD MOOK (Mz; ),

where K = N if N is odd and K = % if N is even.

PRroOOF. By definition, {2 can be represented as a finite linear combination of oriented
framed links in D? x S'. Let w; € S(D? x S') be the part of that linear combination,
consisting of all the links for which the algebraic intersection number with the merid-
ian disk D? is equal to 7. Then Q = Zf\i . wi for some integers m and M. Sometimes,
it will be convenient to assume that Q =}, _, w; with the condition that the “extra”
terms are of the form 0- L. With this convention and Proposition 4.2 (part 2) in

mind, for any n-component framed link I we have

n

<Q>=> T[] <w. >n,

leZn s=1

where [, is the s-th component of the vector [, T is the trivial knot, and A is the

linking matrix of L. Notice, that if < w; >7,# 0 and < w;yen >1,7# 0 then

< WitN > L - < Ww; >
< WittN 2Ty < w; >my ’
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for any ¢ € Z. This easily follows from the fact that ¢¥ = 1. Therefore, with the

notation
W, = Z < WinN 21

tcZ

the above summation can be rewritten in the following form

<Q>p= Z qltAl'ﬁVVls-
1

leZ% s=

In particular,
< Q >at= Z qh2Wh.

heZy

Denote this sum by G. Similarly, we have the following equality in S(S?; g):

T\ Q
Qﬁ = ( z glken? Wk)
p

NS
ZN

for any n > 0. Thus, the condition (3) from Lickorish method (see Proposition 4.3)

is equivalent to the following system of equations:
qOWO + q1W1 + q4W2 +...+ q(N_1)2WN_1 =G
q'Wo + ¢W + W 4.+ Wn_1 =
(4.1) . . . . .
qN Wy + ¢W 4+ ¢ We +...+ (NPWy, =G

Notice, that

1 q ¢ gV’
4 9
q ¢ q 1
Q= .
q(N_1)2 1 q .« q(N_2)2

is a (-1)-circulant matrix ( for circulant and g-circulant matrices see [Da]). Consider
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the following unitary matrix

1 0 0 0 0
(0 0 0 0 1\
0 0 01 0
I' =
0 0 1 00
KO 1 --- 0 0 0)

The product I' - Q) is a circulant matrix with eigenvalues

=z

2mic 4 4mic N—1)2 2(N—-1)mwic 2mi .o .
de=1+ge ™ +qge ™ 4. 4V VeT 7 =) (eV)WHY

<.
Il
=)

Here we assume that ¢ = e’~" for some b coprime to N. For details see [Da]. Thus,
every A. is a generalized Gaussian sum. If NV is odd then A, # 0 (see [LL]). Hence,
det@ # 0. It follows, that if N is odd then there is only one linearly independent
solution of (4.1), namely Wy = W) = ... = Wy_; = W. Notice, that if W = 1, then
the resulting invariant Invq(My) coincides with the invariant defined in Theorem 4.4,
and the result follows from Proposition 4.6, with C = |Gy(q)|. Therefore, if W # 1,
then Invg(My) differs from the invariant in Theorem 4.4 by the factor WA1(Mz) and
we need to take C' =W - |Gn(q)|.

Now consider the case N =2 (mod 4). Let N = 4h + 2. Notice, that ¢(N/?* =
g"N+%+1 = gN/2 = 1, This implies that the first line of (4.1) is

Wo + qWi + ... + ¢ Wy, — Wohi1 — qgWopqo — ... — Wy =G,
and the (2h + 1)-th line is
—Wo — qu — .. q(2h)2W2h + W2h+1 + qW2h+2 + ...+ q(2h)2WN_1 =G.

Therefore, G = 0, which contradicts condition (2) of Lickorish method. This implies
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that the case N =2 (mod 4) is impossible.
The only case left is N =0 (mod 4). Let N = 4h. Then ¢"+)* = ¢, There-
fore, for any n-component framed link L we have

< Wiyoth > < Wi >p
< Wigon >1 < Wi >

whenever < w; >7,# 0 and < wiyap, >7,7# 0. Thus, with the notation
W= <wian >m,
teZ
similarly as before, we have

< >r= Z qltAl . ﬁVVlIS
s=1

lezr,
Proceeding as earlier, we get the following system:

QOW(; + ¢W 4+ Q4W2' +...+ Q(Qh_1)2 m-1 =G

12) W} + W o+ PWE o+ o+ ewy, =G

25171

q(2h_1)2W6 + W+ ¢Wy +. 4+ Q(Qh_2) m1 =G
As before, consider the corresponding matrices ¢ and I'. This time they will be of

size 2h. Again, I' - G is a circulant matrix with the eigenvalues

2
2mic 4rmic _1y2 2(2h—1)mic 278\ a2 .
M=1+qgen +qg'en +...+¢@Vem = (eh )2 +24

=
—_

<.
Il
=)

c=0,...,2h — 1.

Notice, that the number 2c¢ is even. Therefore, by Theorem 2.2 from [LL], A # 0.
Thus, in case N = 0 (mod 4) there is only one linearly independent solution of
(4.2), namely Wy =W{ = ... = Wy_, = W'. If W' =1 then the resulting invariant

Invg(My,) coincides with the invariant from the Theorem 4.4. Hence, our theorem
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follows from Proposition 4.6, with C' = W'|2Gx (g)|- O

REMARK 4.8. It follows from Theorems 4.4 and 4.6 and from Remark 4.5 that the
previous theorem could be formulated in terms of the skein module S;. Moreover,
the result of the theorem implies that if ¢ is a root of unity then Lickorish method

on S produces the same 3-manifold invariants as on S,.

REMARK 4.9. The proof of Theorem 4.7 implies that in order to show that Murakami-
Ohtsuki-Okada invariants are the only 3-manifold invariants that can be obtained
using Lickorish method on the skein module §, it suffices to prove that the following

infinite system

qm2 W + q(m+1)2Wm+1 +...+ qM2WM =G
(4.3) ¢ W+ W 4.+ (MW, =G
has a solution in variables W,,, ..., Wy only if ¢ is a root of unity.

CONJECTURE. We conjecture that indeed, the system (4.3) has a solution in variables
Wiy -« s War only if q is a root of unity. That is, no other invariant (except the MOO-

invariants) can be obtained applying Lickorish method to the skein module S.

REMARK 4.10. It is proven in [Fe] that in order to apply Lickorish method to the

skein module S;, ¢ must be a root of unity.

4.4 Deloup invariants and dichromatic skein module

By Deloup invariants we mean the generalization of Murakami-Ohtsuki-Okada invari-
ants studied in [De|. Essentially, these invariants were introduced by V. Turaev via
a simple example of modular categories (see [T2] p. 29; see, also, [De] Appendix A).

Let M be a closed oriented 3-manifold and let X be a smooth compact connected
oriented 4-manifold such that X = M and H;(X) = 0 (such a manifold always
exists by Rokhlin’s theorem). Then H,(X) has no torsion. Denote by Bx: Ha(X) X
H,(X) — Z the intersection pairing on X. Let G be a finite abelian group. Fix a
quadratic form £&: G — Q/Z, i.e., a function from G to Q/Z satisfying £(nz) = n?¢(z)
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for any n € Z and z € G and such that the function defined by b¢(a,b) = &(a + b) —
&(a) — €(b) is a symmetric bilinear form on G, called the bilinear form associated to
€. Let 3,3: G — Hom(G, Q/Z) denote the adjoint homomorphism of be. Set

(G, €) = |G| % [ker be| 72 Y e*ricte).

zeG

For any (G, £) such that v(G, &) # 0, Deloup invariant is defined as

2€GQH2(X)

Here bar denotes complex conjugation, ¢ is the signature and fo(X) is the rank of
Hy(X). £ ® Bx denotes the Q/Z-valued quadratic form on G ® Hy(X) defined by

€® BX)(Z T; ®y;) = Z &(2) Bx (45, 43) + ) be(@j, o) Bx (y5, ),

J J i<k
where z; € G,y; € Hy(X).

REMARK 4.11.([De]) Let M be a 3-manifold obtained by the surgery on a framed
link L with m components. Let A be the linking matrix of L. Then

& Tz i T
T(M;G,€) =7(G,8) 7 |G/ker be|7% Y erilted@),
zeGRZ™

where £ ® A:G ® Z™ — Q/Z denotes the tensor product of £ and the symmetric
bilinear form defined by A.

REMARK 4.12.([De]) Fix N > 1 and let ¢ be an N-th primitive root of unity if NV is
odd and 2N-th primitive root of unity if N is even. Then

MOON(M,C]) = T(Ma ZN7§)7

where the quadratic form & G — Q/Z is chosen so that ¢ = €?™(1), This proves that

Deloup invariants generalize Murakami-Ohtsuki-Okada invariants.
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Let u,v be two singular 1-cycles in M respectively representing torsion elements
[u], [v] in H{(M). There exists n € Z such that nv = 9C, where C is a singular 2-chain
in M. Then the linking pairing Ly is the bilinear pairing defined on Tors H;(M) by

Lar(ful, () = = (mod 1),

where u - C denotes the intersection number of v and C in M.

THEOREM 4.13.([De]) If the pair (G,&) is fized, then T is completely determined by
the following data:

1) the first Betti number;

2) the linking pairing Ly on Tors Hi (M), considered up to isomorphism.

REMARK 4.14. The fact that Murakami-Ohtsuki-Okada invariants are determined
by the first Betti number and the linking pairing was noticed in [MOOQ] and easily
follows from the property that if H;(M) is finite then a matrix representing Ly, is
equal to —A~!, where A is the linking matrix of a framed link L such that M is
obtained by the surgery on L. We will study this relation in Appendix C.

Recently, F. Deloup and C. Gille proved that, in fact, Deloup invariants carry
exactly the same topological information about 3-manifolds as the first Betti number
and Ly [DG]. Before we state their main result, we need to introduce two particular
families of quadratic forms. Given two non-zero integers a and b, we shall denote by
(%) : Zy, — Q/Z the quadratic form sending 1 to ¢ € Q/Z. For any m € Z,. we define
a non-degenerate quadratic form Qy,: Zom X Zom — Q/Z by Qm(a,b) = £ € Q/Z.

THEOREM 4.15.([DG]) Let M and M’ be two closed connected oriented 3-manifolds.

The following assertions are equivalent:

1) Bi(M) = p1(M') and (Tors Hi (M), Las) = (Tors Hi(M'), Lpp) (i.e. the linking

pairings are isomorphic);
2) for all pairs (G,§), T(M; G, &) =7(M'; G, ¢);

3) for all prime p and for allm € Z.., 7(M; Zym, (pim)) =7(M'; Zym, (pim)) and
T(M, Z2m X ZQm, Qm) = T(M’; Z2m X ZQm, Qm)
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Notice that 7(M; Zym, (me)) = MOO,«(M;e>) (see Remark 4.12). Thus, the
only essential difference between Murakami-Ohtsuki-Okada invariants and Deloup in-
variants is contained in the family 7o, (M) = 7(M; Zom X Zom, Qr,). We already have
shown how Murakami-Ohtsuki-Okada invariants can be obtained using Lickorish’s
construction on the skein module S, (see Theorem 4.4, Remark 4.5, and Proposition
4.6). Is it possible to construct the invariants 7 ,,(M) using the same techniques? In

order to do this we need to introduce another skein module.

DEFINITION. We will say that a link L is bicolored if each component of L is marked
by either 0 or 1. Let £ denote the set of isotopy classes of oriented bicolored links in
an oriented 3-manifold M (including the empty link §)). Let R be a commutative ring
with unity, and let ¢ be an invertible element in R. Let us consider the submodule

Sel of RL® which is generated by the following skein expressions:

0 /‘ (l) (l
X s /\J / LUT, L

Here a number in parenthesis next to a component denotes its color, L € £, L L Ty
denotes an element of £ such that its component T;) is marked by ¢ and bounds a
disk D embedded in M, with DNL = §; i, € {0,1},i # j. We define the dichromatic
skein module as D(M; R, q) = RL®/S*!. By D(M;q) we will mean the skein module
D(M; Z[g*"], q)

REMARK 4.16. The skein module D(S3;¢q) has a natural algebra structure with

multiplication defined by the disjoint union of links.

PROPOSITION 4.17. D(S%q) = Z[¢*'] as algebras, with isomorphism defined by
w1, — 1, where T, 1s a trivial link of arbitrary colored n components, n > 0.
Furthermore, for any link L € £, u(L) = ¢%, where z is the sum of the linking
numbers between the components of L having different colors.

ProoOF. The proof is similar to the proof of Proposition 4.2. The inverse map to u
is defined by v(¢%) = ¢ - (), where () denotes the empty link. O

Fix an element € D(D? x S';¢q). As before, any framed oriented link L C S3

with n components defines an oriented embedding of disjoint union of n solid tori
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D? x S' into S3, thus defines a multilinear map n*: D(D? x S';¢)" — D(S3;q). By
< >, we will denote the element of Z[¢*!] equal to u(n%(2 x ... x Q)). We can
easily re-formulate Proposition 4.3 putting the skein module D in all the places where
we mentioned the skein module 8. Also, in condition (3) instead of n parallel “plane”
strings we need to consider n parallel strings ny of which are marked by 0 and n,
marked by 1, n = ng + n1, ng,n; > 0. Again, if Q € D(D? x S') satisfies all three
conditions (modified as above) from Proposition 4.3 (i.e., from Lickorish’s method),

then the resulting number I'nvg(Myg;¢) is a 3-manifold invariant.

THEOREM 4.18. Fiz t > 2 and

€ D(DXS: q)

Let q be a primitive t-th root of unity. Then the function Inva(My) is a non-trivial
wnwvariant of closed oriented 3-manifolds. Furthermore, if ¢ = ey, with (s,t) =1,
then

Imvg(My) = M)k Q) 5 = tﬂl(ML)T(ML; Zy x 74, Q),

where k is the number of components of L and Q(a,b) = % € Q/Z. In particular, if
qg= e%, then Invo(My) = tHrMo) g, | (M7).

PROOF. Let A be the linking matrix of L and let §(z,w) be a term in the sum
nL(Q,...,Q) obtained by taking (z; + w;) parallel copies of the component I; of L,
where z; copies are marked by 0 and w; copies are marked by 1, z = (21,...,2;) €
ZF w= (w,...,w;) € ZF. Then p(f(z,w)) = ¢*4*. Thus,

<Qs= Y g

(z,w)EZEXZE

Now we can check that our choice of ¢ and () satisfies the three conditions of

Lickorish’s method. Condition (3) is equivalent to the equation

Z gliHmo)tm) — Z 7, no,m € N,ng+mn1 > 1,
i,jEZy 1,J€Zy
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which is obviously true. Since ¢ is a primitive {-th root of unity, we have

<Q>p=<Q >,-= Z ¢7 = Z Z(qi)j =t+#0,

1,J €2y 1€Zy jEZy

thus, condition (2) of Lickorish’s method also holds. Moreover, this implies that
<Q> <> b= hM)k,

In order to show condition (1), consider the framed link L’ obtained from L by
changing the orientation of the last component /. In the above sum for < Q >,
the effect of changing the orientation for /; is the same as after changing each vector
(215 vy 2k, W1y o, wg) tO (21,00, 261, b — 2k, W1, ..., Wg_1,T — wg), which does not
change the total set of the vectors. Thus, < @ >;,=< Q >/, and condition (1) of
Lickorish’s method holds. This implies that the resulting number Invg (M) is indeed
an invariant of closed oriented 3-manifolds. It is easy to check that this invariant is
not trivial.

To prove the second part of the theorem we need to show that
T(My;Ze x 2, Q) =t7% > g7

(z,w)EZEXZE

We will use the formula for 7 from Remark 4.11. First of all, notice that y(G;€) is

either 8th root of unity or 0 (see [De]). Therefore, since

Z e27riQ(w) — Z qu =tc R,
l

x€Ziy X2y ,JEZy
the number (Z; X Z;,Q)) must be 1. Thus,

T(Mp;Zy X Zy, Q) = ¢t Z ?riQeA),

(BE(Zt th)®zk

Every element of (Z; x Z;) ® Z* can be represented by an element of the set S =
{((1,0),2)+((0,1),w) | =z, w € ZF}, moreover, any two elements of S represent dif-
ferent elements of the tensor product. Furthermore, (Q® A4)(((1,0), 2)+((0,1),w)) =
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Q(1,0)A(z, 2) + Q(0, 1) A(w, w) + Q(1, 1) Az, w) + Q(0, 0) A(w, z) = Q(1, 1) A(z, w) =
2. 2'Aw. The result follows. O

4.5 Structure of the dichromatic skein module

In this section we will study structure of the dichromatic skein module and show its
relation with the g-analog of the first homology skein module Ss.

First, we need to introduce some notations. Let M be an oriented 3-manifold.
Every oriented link in M represents an element of H;(M), and every element of
Hi(M) can be represented by an oriented link in M. For every o € H (M) fix an
oriented link L, representing it. Denote the set of such links by L, that is L = {L,, C
M : a € Hi(M)}. For every link L, € L fix an arbitrary framing and denote the
resulting framed link by Lf. Set L/ = {Lf : L, € L}. Notice that L/ naturally
embeds into RL!, therefore, with an abuse of notations, we will treat L/ as a subset
of So(M; R, q). Take a pair of links L, Ls € L. Their disjoint union, as a link in M,
is not well defined, and may be represented by infinitely many different links. Fix one
of them and denote it by L,&Lg. Set L* = {L,&Lg : L,, L € L}. Sometimes, with
an abuse of notations, we will consider L? as a set of bi-colored links, meaning that
for a link L,&Lg € L? the components of L, are marked by 0 and the components of
Lg are marked by 1. In this case, there is a natural embedding L? < RL, and with
an abuse of notations, we will treat L? as a subset of D(M; R,t). For an oriented
(framed) link L C M, by L we will denote the element of L (Lf) representing the
same element of H;(M) as L. Given a bi-colored link L C M, by L) we will denote
the sublink of L colored by 0, and by L(;) we will denote the sublink of L colored by
1. Notice that in our notations, I//(O\)&IT(I\) € L2

Now, let us recall some definitions and the main theorem from [Pr4].

DEFINITION. ([Pr4]) Let ¢: Hi(M) x Ho(M) — Z denote the bilinear form of the
intersection of 1-cycles with 2-cycles in M. We define T'(H;(M)) to be the left kernel
of ¢, that is T(H1(M)) = {a € Hi(M) : ¢o(8) = ¢(, 8) = 0 for any 5 € Ho(M)}.
In particular, for a closed 3-manifold M, T'(H;(M)) is the torsion part of H;(M). We
define multiplicity of « € H\ (M), m(c), to be 0 if o« € T(H;(M)) and otherwise
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m(c) is defined as the positive generator of im ¢, (Hz(M)). *

THEOREM 4.19 ([Pr4]) Let the R-homomorphism g: RH; (M) — S2(M; R, q) be given
by g(a) = Lf € LY — Sy(M; R, q). Then g descends to the isomorphism

g: RHi(M)/I — 8(M; R, g),

where I is the ideal generated by the elements (¢*™* — 1o, o € H (M).

Later in this section we will prove a similar result for the dichromatic skein module.

Let m(c, B) denote the greatest common divisor of m(«) and m(f).

LEMMA 4.20. Let L be an oriented bi-colored link in M. Then (1™ — 1)L =0 in
D(M; R,t), where o, € Hi(M) are such that IT(;) =Ly €L and I/J(l\) =Lg € L.

ProoOF. The main idea of our proof is the same as in the proof of Lemma 2.4 of
[Pr4]. The definition of m(-) implies that there are two closed oriented surfaces Fj
and F; embedded in M such that alg(L(y, Fo) = m(c) and alg(Lqy, Fi) = m(B)
(see, for instance, [Pr4]). Let T be a marked by 1 trivial knot on Fj that bounds a
disk D C Fy disjoint from L. Let L' = Ly UT. Obviously, L' = Ly = L, in
D(M; R,t). On the other hand, T = T" in D(M — L; R,t), where T" is a trivial
knot on Fy marked by 1, that bounds a disk D' C Fy such that int(D’) contains all
the points of intersection of Fy and Lo (see Lemma 1.3 of [Pr4]). Now we can take
T' “out” of Ly by crossing changes, thus Loy UT’ = t™® L UT. This implies that
L = t™°[ in D(M;R,t). Similarly, L = t™®L in D(M; R,t), which implies the

result. O

LEMMA 4.21. For all o, € Hi(M), m(a - 8) = m(a, B).
PROOF. For every C € Hy(M) there are zy, 2, € Z such that ¢.4(C) = zym(a) +

z9m(B). Therefore, from the definition of m(cq, 8) we have ¢o5(C) = (1 - mw(ﬁa;)a) +

22+ ) m(, B) 0

Now we will introduce some more notations. Consider a subset of RL/ consisting

of oriented framed links in M multiplied by elements of R, and denote it by R x £{.

IThe fact that Ho(M) is a free abelian group implies that im ¢, (H2(M)) is an infinite cyclic
group.
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It is easy to see that if two elements of R x £ are related by a finite sequence of the
local moves st from Fig. 4.1, then they represent the same element in Sy(M; R, q).

We will also need the move s, from Fig. 4.1, which can be expressed as s?.

Similarly, let R x £ be the subset of RL consisting of the oriented bi-colored
links in M multiplied by elements of R. It is easy to see that two elements of R x £

represent the same element of D(M; R, t) iff they are related by a finite sequence of

moves di',dy', and di' from Fig. 4.2,

(i)/ dl i) i)/l dZ \Q d3
%& = 4 9t4,LuTm9L

Fig. 4.2.

In the following definition we generalize the notion of linking number for links in

53 to arbitrary oriented 3-manifolds.

DEFINITION. Let L be an oriented bi-colored link and let «, 8 € H; (M) are such that
L) = La € Land Ly = Ly € L. Let L = Lo&'Lg be an oriented bi-colored link
such that (E)(O) = L, and (E)(l) = Lg and which is obtained from L by first using
the move(s) d; * (if needed, to add trivial component(s) Tjg) and/or T(y) if L(g) and/or
Ly are empty), and then applying a finite number of moves di'. After that, applying
a finite number of moves di' to L, we transform it into t*(Lo&Lg) (in particular,
L =1 =1"(Ly&Lg) in D(M; R, t)). We will denote such & by LK (L).

THEOREM 4.22. For every oriented bi-colored link L C M, the number LK (L) is
well defined modulo m(a, 8), where o, § € Hi(M) are such that IT(O\) =L, €L and
Lyy=LsgeL.

PROOF. We will assume that neither L) nor L;) are empty (otherwise introduce

T(o) and/or T;) using the move(s) d3 "', this operation is always well defined). In this
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case, there exists a finite sequence I; of moves di' transforming L into L= L&' Lg.
Let p; be a finite sequence of moves di' that transforms L into %1 (Lo&Lg). Consider
another sequence ly of moves di', that transforms L into L = L &"Lg ((f)(o) = L,
and (E)(l) = L), and let p, be a finite sequence of moves di' that transforms L
into t°2(La&Lg). Consider the oriented framed links LL&'L], LI&"LY and Li&L]
obtained by replacing the sublinks L, and Lg in Lo&'Lg, Lo&"Lg and L,& Lg by the
corresponding framed links L7, L[’; € L. Let Lf be an oriented framed link whose
core is L and such that L/ = Lf&’Lf in S;(M;R,q). By L , and L , denote the
sublinks of Lf whose cores are Lg) and Ly, respectively. Let l’~ P, be the sequences
+1

of moves si', si' obtained from the sequences [;, p; respectively, i=1,2, by replacing

the moves di' and di' with the corresponding moves s and si!. This implies that
L B Ll&! 1 Phg? (L& L), and
L By (Li&" L) 2 ) Y (LL&LY),
for some y € Z. Therefore,
P (L) = 1 = i)
in 8;(M; R, q), and by Theorem 4.19 we have
221 =229 +y (mod 2m(« - 3)).

Each of the sequences [}, i = 1,2, can be split into two subsequences I}, and [}, where
ll, are the moves applied to L{ and [}, are the moves applied to L{ - This implies
that there are yi,y» € Z such that y = y; + y» and Lf fro g LI L{) N y2L£.
Therefore, L! = ¢¥'L{ and L[’; = qy2Lﬂ in S$o(M; R, q). By Theorem 4.19, we have

y1 =0 (mod 2m(c)) and yo =0 (mod 2m(p)). Thus,
y=y1+y2=0 (mod2m(e,p)).

By Lemma 4.21 we have m(a, 8) = m(« - ), therefore z; =z, (mod m(w, 8)). O
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REMARK 4.23. In a private conversation with the author, Uwe Kaiser suggested the
following alternative definition of the number LK (L). Consider two oriented surfaces
Fy, Fy < Mx[0,1] such that 8Fy = L)ULq, 8F, = LyULg, (FyUF)NM x{0} = L,
and (FpUF1)NM x {1} = L,&Lg € L?. Here the orientation of L coincides with the
orientation of FyUF], and the orientation of L,&Lg is the opposite one. Then LK (L)
can be defined as the algebraic intersection number between Fj and Fi. The fact that
LK (L) is well defined modulo m(a, §) can be proven by the arguments analogous to
the arguments in [Ka], with one of the most important technical tools being Lemma
2.4.3.

The following theorem is an analogue of Theorem 4.19 for the dichromatic skein

module.

THEOREM 4.24. Let the R-homomorphism f: R(H (M) x H(M)) — D(M;R,t)
be given by f(a,B) = Ly&Lg € L* — D(M; R,t), for all o, € Hi(M). Then f

descends to the isomorphism

o~

72 R(H,(M) x H,(M))/I, — D(M; R, ?),

where Iy is the ideal generated by the elements (™5 —1)(a, B), «,B € Hi(M).

PROOF. Every element of D(M; R,t) can be presented as a linear combination of
elements of L? with coefficients in R. This and Lemma 4.20 imply that f is a well
defined epimorphism. It remains to prove that fis a monomorphism. To show this, we
will construct the inverse map D(M; R,t) — R(H(M) x H,(M))/I,. First, define an
R-homomorphism h: RL® — R(H,(M) x H,(M))/I, by h(L) = t*¥()(q, 8), where
L e £ and o, 8 € H (M) are such that IT(O\) = L, € L and f(l\) = Lg € L. By
Theorem 4.22, LK (L) is well defined modulo m(c, 8), thus h is well defined. We
will show now that A descends to an R-homomorphism h: D(M; R, t) — R(H; (M) X
H(M))/I,. Indeed, if an oriented bi-colored link L' C M can be obtained from L by
one move d;, then I = L', thus h(L) = h(L'). Let tL" € R x L% be obtained from

L by applying one local move dy. In this case I//(’:) = Ly, I//(’T) = Lg, and LK (L") =
LK(L)—1 (mod m(c,f)). Thus, h(tL") = t-t"¥()~1(q, ) = h(L). Finally, notice

that LK (L UTy) = LK(L), and moves di' do not change the homological type of
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links, therefore h(L LITy;)) = (L), i=1,2.

It remains to check that A is the inverse of f Indeed,

o~

Foh(L) = F(t"* P (a, B)) = "KW (L & Ls) = L

in D(M; R,t), and

o~

ho fla,B) = h(Lo&Ls) = (o, B) € R(H,(M) x H\(M))/I,.

O

THEOREM  4.25. The skein module D(M;R,q?) 1is isomorphic to
S2(M; R, q) ®r S2(M; R, q).

ProoF. Construct the balanced map
9:5:(M; R, q) x 8:(M; R,q) — D(M; R, ¢*)

given by
g(r L, T2L§) =r179(Lo& L),

for all L}, L[’; € L, r,ry € R, where L,&Lg € L?. It is well defined, because ¢*' L/
and ¢*2Lf represent the same framed link in So(M; R, q) iff z; = 2 (mod 2m(c))
(see Theorem 4.19), and

g((@™ = 1)LE, Lf) = (™ = 1)(Lakelp) = La&Lg
in D(M; R, ¢*), by Lemma 4.20. Therefore, g induces an epimorphism
9:5:(M; R, q) ®r S2(M; R, q) = D(M; R, ¢%).

(For definitions of balanced maps and tensor products see [BJN].) The inverse homo-
morphism
7 D(M;R,q") = S:(M; R, q) ®r S5(M; R, q)
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can be constructed as follows:
/\f

~ —f
7 I(TL) — (Tq2LK(L)L(O) ) ® L(l)

for all L € R x L. Since LK (L) is well defined modulo m(«, 8), where L, = IT(O\)
and Lg = f(l\) , we need to check that

(™AL ® L} = L ® L.
Indeed, take u,v € Z such that v m(a) + v m(8) = m(e, §). Then we have
(q2m(a75)L£) ® L[J; — (q2m(a)uL£) ® (q2m(ﬂ)vL[J;) — L£ ® Lf,

by Theorem 4.19.

It remains to confirm that g

is indeed the inverse of g. Indeed,
9o g((nLL) ® (roLf)) = 7 (rira(Lo&Lp)) = (rirsLf) ® L = r L @ ry L]
in So(M; R,q) ®r So(M; R, q); and
G097 '(rL) =§((r™ VL)

in D(M; R, ¢°). O



APPENDIX A
DIJKGRAAF-WITTEN INVARIANTS AND SINGULAR
TRIANGULATIONS OF 3-MANIFOLDS

In this section we will show how to define Dijkgraaf-Witten invariants of 3-manifolds
using singular triangulations and simple 2-polyhedra. For a definition of Dijkgraaf-
Witten invariants of 3-manifolds using the regular triangulations see Section 3 of
Chapter 3.

DEFINITION ([TV]). Let M be a 3-manifold. A family of continuous maps &,: t% —

M, of standard simplexes t%, d, € Z, is called a singular triangulation of M, if
(1) all & |yt 4. are embeddings;
(2) &,(Int t%) are open cells of some CW-decomposition of X;

(3) for any face f of % the restriction &,|; can be obtained from some &z by

composition with a linear isomorphism f — ¢%.

Note that replacing &,|1pt saa PY &a in (1) and incorporating the condition that
the intersection of any two simplexes is their common face convert this definition
into a definition of triangulation. Notice that singular triangulations are much more
convenient for practical reasons than the regular triangulations (see [TV]).

A simple 2-skeleton of M is a simple spine of M — (kB3), k > 0 (see 6.1.B from
[TV]; for a definition of simple spine see, also, Section 1 of Chapter 1). A special
2-skeleton of M is a simple 2-skeleton of M which is also a special polyhedron, i.e.,
every 2-component is homeomorphic to a disk. Recall that a special spine of M is a
simple spine of M which is also a special polyhedron (see Section 1 of Chapter 1).

Notice that the notions of singular triangulation and special 2-skeleton are dual

to each other. Indeed, let 7" be a singular triangulation of M. Let X be the union

81
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of the closed barycentric stars of the edges of 7. Let X be obtained from X by
removing all the cells whose closure intersects with dM. It is easy to see that X is
a special 2-skeleton of M. An inverse construction produces a singular triangulation
from any special 2-skeleton of M. We will say that such 7" and X are dual to each
other. Special polyhedra and special spines are well studied (see, for instance [M1],
[M2], [Cal, [Fo], [TV]) and there are well structured tables of special spines of closed
orientable 3-manifolds (see [M3], [Ov]).

The authors of [Wak| and [FG] also study Dijkgraaf-Witten invariants defined on
special 2-skeletons, but their approach is valid only for the special 2-skeletons which
are duals of regular triangulations.

Let T be a singular triangulation of a closed! oriented 3-manifold M and let n
be the number of vertices of 7. Orient the edges of T and fix a finite group G. A
coloring

¢: {edges of T} —» G

is called admissible (¢ € AdmT) if for any face f of T with edges ey, es, e3 we have

Pler) p(e2)p(e3)® =1

in G. Here ¢; = +1 according to whether the orientation of the edge e; is compatible
with the orientation of f induced by the order (e, es, es) or not. Notice that this
property (of the above product being equal to 1) is well defined, that is, it does not

depend on the choice of the enumeration of the three edges of f.

Q 0 4(e) 66e) =1

1
e
3

EXAMPLE.

Now fix o € H3(G; Q/Z). let t* be a 3-simplex of T. It is an image of a tetrahedron

t. Coloring ¢ of 3 induces a coloring 5 of ¢, and the orientation of the edges of ¢3

'For simplicity, we will only define Dijkgraaf-Witten invariants on singular triangulations of
closed 3-manifolds. It is possible to define relative Dijkgraaf-Witten invariants of 3-manifolds with
boundary in a similar way as relative Turaev-Viro invariants were defined in [TV].
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induces an orientation of the edges of t. Enumerate the vertices of ¢ by 0, 1, 2, 3,
in an arbitrary way (this is the main reason we need to consider t, because t* could
have less then 4 distinct vertices). Denote the orientation of ¢ defined by the order
of the vertices by orl. Let or2 be the orientation of ¢ coming from the orientation
of the manifold M. Let ¢;; be the edge connecting the vertices ¢ and j of t, where
i,j € {0,1,2,3}. Let ¢;; = ¢(e;;) if the orientation of e;; is compatible with the order

of the vertices and ¢;; = @(e;;) ™", otherwise. Set

W(t?’,qﬁ) = a(¢01,¢12,¢23)6(?) € Q/Z,

where
1, if orientations or! and or2 coincide;

€(t) =
—1, otherwise.

LEMMA A.1. The number W(t?’, ®) does not depend on the order of the vertices of t.

PRrooOF. It is enough to check only the following three permutations of the vertices of

~ 012 3 0123 0123 .
t: , , and . Each of the permutations
1 02 3 0213 01 3 2

changes the orientation or! to the opposite one. Thus, it is enough to check that
a(a™t, ab,c) = a(ab, b, bc) = a(a,be, ') = —ala, b, c), which follows from the fact
that a € H3(G; Q/Z). See, also, Lemma 3.1 from [Wak]. O

We define Dijkgraaf-Witten invariant of M by the following formula

> [[wte)

d€AdmaT teT

E\I}[//G,a(

|n1

LEMMA A.2. EV/VG,a(M) does not depend on the choice of orientation of the edges
of T.

ProOF. Let T and T’ be two singular triangulations of M that are only different by
orientation of an edge e. The sets AdmgT and AdmgT’ are in one-to-one correspon-
dence, given by the map ¢ — ¢', where ¢' = ¢|7_. and ¢'(e) = ¢(e) . Moreover, for
any t € T, W(t, ¢) = W(t’, ¢'), where t' is the natural image of ¢ in 7". O



84

LEMMA A.3. If T is a regular (non-singular) triangulation of a closed oriented 3-
manifold M, then the number I/DT//VG,O[(M) coincides with the number DW ¢ (M)
defined in Chapter 3.

PROOF. Order the vertices of T. Since DW ¢,o(M) does not depend on the way we
orient the edges, orient them with respect to the enumeration of the vertices. The
ordering of the vertices of T' in the natural way induces an ordering of the vertices of

each tetrahedron . O

Before we prove that DW ¢,o(M) does not depend on a choice of a singular trian-
gulation of M, we will show how to define Dijkgraaf-Witten invariants using a simple
2-skeleton of M.

Let X be a simple 2-skeleton of an oriented 3-manifold M (possibly, with bound-
ary). This means that X is a simple spine of M — (kB®), k > 0. To avoid possible
ambiguity in case when M is a closed manifold, we will always assume that & is the
greatest integer such that X is a simple spine of M — (kB3). Orient the 2-components

of X. By a coloring of X we mean a map
¢: {2-components of X} = G

Take an edge e of X. Let ¢y, co, c3 be the 2-components of X adjusted to e. Since X
is embedded into M, the order of the components induces an orientation on e. Set
g; = 1 if the orientation of ¢; is compatible with the orientation of e and ¢; = —1
otherwise, i = 1,2,3. We will say that ¢ is admissible (¢ € AdmgX) if for any edge

e we have

o(e1) o(ca)2p(c3)™ = 1

in G. The weight W*(v, ) of a colored vertex v of X is defined as the weight W(tv, ®)
of the dual tetrahedron ¢, (a tetrahedron embedded into M whose faces are dual to
the edges of X adjacent to v) with the coloring ¢ induced by the coloring ¢, and with

the orientation of the edges of £, induced by the orientation of the corresponding
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2-components of X. Define

DWé,a(M) = |G|% Z HW*(UZ'790)7

peAdmgX i=1
where m is the number of the vertices of X.

THEOREM A .4.

1) The number DW¢ (M) does not depend on the choice of a simple 2-skeleton X
and orientation of the 2-components of X, thus, it is an invariant of oriented

3-manifolds;

2) If oM = 0, then DW¢ (M) coincides with DW ¢ o(M), thus, DWg (M)
does not depend on the choice of a singular triangulation and coincides with
DWego(M);

3) If 9M = 0, then DW, (M) = DWgo(M).

PROOF.

1) Let X be a simple 2-skeleton of M. Then X is a simple spine of M — (kB3).
Orient the 2-components of X. The same reasoning as in the proof of Lemma A.2
shows that DW¢; (M) does not depend on the choice of the orientation. S. Matveev
proved in [M1] that any two special spines of a 3-manifold can be transformed one
into the other by a sequence of local moves M*! and £*! (for definitions of the local
moves on simple polyhedra see Section 1 of Chapter 1). This easily implies that any
two simple 2-skeletons of M can be transformed into each other by a sequence of the
local moves M*!, £*! and B*!' (see Section 1 of Chapter 1, and [TV]). Thus, we
only need to prove that DW¢ (M) does not change if we apply one of the moves
MEL LE or B to X. Let X’ be a simple polyhedron obtained from X by a move
L (see Fig A.1). Fix ¢ € AdmgX. We may assume that the 2-components of X and

X' affected by the transformation are oriented and colored as in the picture.
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-1 -1 ;
ba b—1a1
O b o
s | Y
_1 _1 — -
o P2 v v ch gy
 bac
G
X X'

Fig. A.1.

Consider the vertices v; and v of polyhedron X' (see Fig. A.1). Let ¢; and ¢,
be the dual tetrahedra for v; and vy respectively. It is possible to order the vertices
of t; and t, in such a way that W*(v;, ¢) = a(c,a,b)%), i = 1,2. Notice that e(t,)
and €(t1) in this case have to be of opposite signs. On the other hand, obviously,
a(c,a,b)a(c,a,b)~" = 1. This implies that DW, (M) is invariant under the moves
L+

Let X' be a simple polyhedron obtained from X by a move M (see Fig. A.2). We
may assume that the 2-components of X and X’ are oriented and colored as in the
picture.

Consider the vertices vy, va, vs, va, vs of the polyhedra X and X' (see Fig. A.2). Let
t1, 19,13, 4, t5 be their respective dual tetrahedra. It is possible to order the vertices of
t1, 1o, T3, 14, t5 in such a way that W(vy, p) = a(a, b, c), W(va, ¢) = a(b, ¢, d), W (vs, p) =
a(a, b, cd), W (vs, ¢) = afa, be, d)™", W (vs, p) = a(ab, ¢, d). Now invariance of DW¢ (M)

with respect to Matveev moves M*! follows from the following equation:
(8%a)(a, b, ¢, d) = a(b, ¢, d)a(ab, c,d) " a(a, be, d)ala, b, ed) ‘ala, b, c),

which is 1, because « € H*(G, Q/Z).
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Let X' be a simple polyhedron obtained from X by a move B (see Fig. A.3).

Again, we may assume that the 2-components of X and X' are oriented and colored

as in the picture.

[o /3

Fig. A.3.

Notice that if X is a simple spine of M — (kB®) then X' is a simple spine of
M — ((k+ 1)B3). Also, X' has two extra components, one new l-stratum, and no
new vertices, therefore each admissible coloring of X corresponds to |G| admissible
colorings of X', having the same input into the sum for DW¢, ,(M). Thus, invariance
under the moves B*! is derived from the factor 7= in the formula for DW¢ ,(M).

2) Let T be a singular triangulation of M. Let X be the dual special 2-skeleton
of M. Let n be the number of vertices of T. Then X is a special spine of M — (nB?).
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Thus, the number £ in the definition of DW¢; (M) coincides with the number 7 in the
definition of DW ¢,o(M). The products [],.r W(t, ¢) and [, W*(v;, ¢) coincide by
definition. It remains to notice that by the 1st part of the theorem, DW¢ (M) does
not depend on the choice of a special spine X. This proves that DW ¢,o(M) does not
depend on the choice of a singular triangulation, and thus is an invariant of closed
oriented 3-manifolds. Furthermore, by Lemma A.3, it coincides with the invariant
DWeg o(M).

3) This follows from part 2. O



APPENDIX B
TURAEV-VIRO INVARIANTS FOR IRREDUCIBLE
CLOSED ORIENTABLE 3-MANIFOLDS OF
COMPLEXITY <7

In this appendix we show values of the invariants TV,, TV, TV, and TV* from Chap-
ter 1. The tables 1-135 contain the values of the invariants with the parameter
3 < r < 8 for all irreducible closed orientable 3-manifolds of complexity < 6. For
a definition and the theory of 3-manifold complexity see [M2]. The computations
were performed using the tables of special spines of the 3-manifolds of complexity
< 6 from [M3]. The tables 136-239 contain the values of the invariants with the
parameter 3 < r < 7 for all irreducible closed orientable 3-manifolds of complexity
7, excluding the lens spaces. The computations were performed using the tables of
special spines of the 3-manifolds of complexity 7 from [Ov]. The computer encoding
of the 3-manifolds of complexity 7 was made by an undergraduate student of the
Chelyabinsk State University A. Gaaz.

Every number TVy(M),, N € {0, 1,2}, is presented as a cyclotomic integer from
Q(g), i.e. as an integer polynomial in ¢, where ¢ is a 2rth primitive root of unity.
This distinguishes our tables from other tables of Turaev-Viro and Reshetikhin-Turaev
invariants (see [KL1], [KL2], [N]), where the values where presented as complex num-
bers. Notice that the definition of the invariants only implies that TV (M),, TV*(M),
€ Q(gq). However, it was proven (see [Mul], [Mu2], [MR]) that Turaev-Viro invari-
ants for prime r are cyclotomic integers. Our computations suggest that they are
cyclotomic integers for composed values of r as well.

We also present the real values of the invariants TVy(M), and the real values
of TV*(M), for ¢ = €™/". We do not explicitly present the values of the invariants

parameterized by those ¢ which are not primitive 2rth roots of unity, but such that ¢

89
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are primitive rth roots of unity. Such invariants can be obtained from the presented
ones using the formula from Corollary 1.12.
Recall that the numbers in the tables are related by the following formula:
(g—¢")?

TV (Mg = ———5 — (TVo(M)q + TVi(M)q + TVa(M),).

Now, let us explain the chosen notations for the manifolds. The 3-sphere, the
projective space, and the lens spaces are denoted as usual by S, RP?, and L,,,
respectively. A manifold S3/G is a quotient space of S* by a certain free action of
the finite group G. The list of the groups can be found in [M3], [Ov], and [Fo]. Let
Moyr be a 3-manifold, possibly not connected, with the boundary consisting of two

tori. By
Mor

(a by
( c d)
we denote the 3-manifold obtained by gluing together the tori using the homeomor-
phism defined by the matrix in the denominator. Finally, ZF'(e) denotes an orientable
Seifert 3-manifold with the base S?, three special fibers of the type (3,1), and the
Euler number e. For most of the manifolds of complexity 7 we also present their
Seifert structure (see [Ov]). For more details on the presented 3-manifolds see [M3],
[F2], [Ov], [MOS].
All the computations were made using a Turbo Pascal computer program devel-
oped by the author during his work and study in the Chelyabinsk State University

in 1992-1996. The tables with the manifolds of complexity < 3 and with r < 7 were
first published in [S1].



Manifolds of complexity 0

Table 1: Invariants for S3
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
711 =1.000 | O =0.000 | O =0.000 | 0.054
811 =1.000 | O =0.000 | O =0.000 | 0.037

Table 2: Invariants for RP3
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =-—1.000 | 0 =0.000 | 0.000
42 =2.000 | ¢® — ¢ ——1.414 | 0 =0.000 | 0.146
5| —®+¢%+2 —2618 | ¢® —¢q>—2 =—2.618 | 0 =0.000 | 0.000
6|4 =4.000 | 2¢° — 4q =-3.464 | 0 =0.000 | 0.045
7| 2 +¢*—®+2¢>+3 =5.049 | 2¢° —¢* +¢* —2¢° =3 =-5.049 | 0 =0.000 | 0.000
8| —2¢% +2¢4* +4 —=6.828 | 3¢" + ¢® — ¢® — 3¢ ——6.309 | 0 =0.000 | 0.019

Table 3: Invariants for Ls;
r | TVo(M), TVi (M), TVa (M), Tv™
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
5| —+¢*+2 —=2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
7| - +¢*+2 =3.247 | 0 =0.000 | 0 =0.000 | 0.175
8| —2¢%+2¢*+3 =5.828 | 0 =0.000 | O =0.000 | 0.213

Manifolds of complexity 1

Table 4: Invariants for L4,
r | TVo(M), TVi (M), TVa (M), Tv*®
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 | O =0.000 | O =0.000 | 0.500
511 =1.000 | O =0.000 | 1 =1.000 | 0.276
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
7| —®+¢2+2 =3.247 | 0 =0.000 | —¢° + ¢ +2 —3.247 | 0.349
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 | O =0.000 | 0.250




Table 5: Invariants for Lso
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r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | 0 =0.000 | 0 =0.000 | 0.500
41 =1.000 | 0 =0.000 | 0 =0.000 | 0.250
5|0 =0.000 | 0 =0.000 | 0 =0.000 | 0.000
6|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.083
7| -2 +¢* —®+2¢°+3 =5.049 | 0 =0.000 | 0 =0.000 | 0.272
8 | 3+2¢>—2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Manifolds of complexity 2

Table 6: Invariants for Ls;
r | TVo(M), TVi (M), TV>(M), Tv™
311 =1.000 | 0 =0.000 | 0 =0.000 | 0.500
41 =1.000 | 0 =0.000 | 0 =0.000 | 0.250
5| -+ +3 =3.618 | 0 =0.000 | 0 =0.000 | 0.500
6|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.083
7| —2¢°+¢*—¢*+ =5.049 | 0 =0.000 | 0 =0.000 | 0.272

2¢2 +3

8 | 3+2¢>—2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213

Table 7: Invariants for Ly
r | TVo(M), TVi (M), TV>(M), Tv™
311 =1.000 | 0 =0.000 | 0 =0.000 | 0.500
41 =1.000 | 0 =0.000 | 0 =0.000 | 0.250
5| —®4+¢*+2 =2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.083
710 =0.000 | 0 =0.000 | 0 =0.000 | 0.000
8|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.037

Table 8: Invariants for Lgs
r | TVo(M), TVi (M), TV>(M), Tv*:
311 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5| —¢®+q¢*+2 =2.618 | 0 =0.000 | —¢®* +¢>+2 =2.618 | 0.724
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
711 =1.000 | 0 =0.000 | 1 =1.000 | 0.108
8|0 =0.000 | 0 =0.000 | 0 =0.000 | 0.000




Table 9: Invariants for S®/Qs

93

r | TVo(M), TV, (M), TV, (M), TV*
3|1 =1.000 0 =0.000 | 3 =3.000 2.000
4 | 4 =4.000 0 =0.000 | 6 =6.000 2.500
5| —-¢+¢+4 =4618 |0 =0.000 | —3¢® +3¢> +12 =13.854 | 2.553
6 | 10 =10.000 | O =0.000 | 18 =18.000 | 2.333
7| -2 +2¢*+7 =9.494 |0 =0.000 | —6¢® +6¢> +21 =28.482 | 2.043
8 | 12+ 4q% — 445 =17.657 | O =0.000 | 24 + 6¢° — 64° =32.485 | 1.836
Manifolds of complexity 3

Table 10: Invariants for Le,
r | TVo(M), TV, (M), TV, (M), TV*
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
412 =2.000 | —¢® +¢ =1.414 0 =0.000 | 0.853
511 =1.000 | -1 =—1.000 | O =0.000 | 0.000
6|6 =6.000 | O =0.000 0 =0.000 | 0.500
711 =1.000 | -1 =—1.000 | O =0.000 | 0.000
8 | 4+2¢% — 248 —6.828 | ' +¢® — ¢ — ¢ =2.613 |0 =0.000 | 0.346

Table 11: Invariants for Lga
r | TVo(M), TV, (M), TV, (M), TV*
3|1 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
7| =28 +¢*—®+ =5.049 | 0 =0.000 | 0 =0.000 | 0.272

2¢2 +3

8|1 =1.000 | O =0.000 | O =0.000 | 0.037

Table 12: Invariants for Lygs
r | TVo(M), TV, (M), TV, (M), TV*
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
412 =2.000 | —¢® +¢ =1.414 0 =0.000 | 0.853
50 =0.000 | O =0.000 0 =0.000 | 0.000
6|4 =4.000 | —2¢% + 4q =3.464 0 =0.000 | 0.622
T -+ +2 —3.247 | S —q> -2 ——3247 | 0 =0.000 | 0.000
8 | 4+2¢% — 28 =6.828 | —¢' —®+¢®+¢" =-2613 |0 =0.000 | 0.154




Table 13: Invariants for Liia
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r | TVo(M), TVi (M), TVa(M), TV*
31 =1.000 | 0 =0.000 | 0 =0.000 | 0.500
41 =1.000 | 0 =0.000 | 0 =0.000 | 0.250
5|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.138
6|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.083
7| -+ +2 =3.247 | 0 =0.000 | 0 =0.000 | 0.175
8 | 34+2¢%>—2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 14: Invariants for Lias
r | TVo(M), TVi (M), TVa>(M), TV*
31 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
5| —¢®+¢*+2 =2.618 | 0 =0.000 | —¢® +¢* +2 =2.618 | 0.724
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| -2¢°+q¢*—¢®*+ =5.049 | 0 =0.000 | —2¢° +¢* —¢®*+ =5.049 | 0.543
2¢2 +3 2¢2+ 3
8 | 44 2¢%> —2¢° =6.828 | 0 =0.000 | 0 =0.000 | 0.250
Table 15: Invariants for Lz
r | TVo(M), TVi (M), TVa2(M), TV*
31 =1.000 | 0 =0.000 | 0O =0.000 | 0.500
41 =1.000 | 0 =0.000 | 0 =0.000 | 0.250
5| - +¢*+2 =2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | 0 =0.000 | 0 =0.000 | 0.083
711 =1.000 | 0 =0.000 | 0 =0.000 | 0.054
8 | 34+2¢%>—2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 16: Invariants for S®/Q1a
r | TVo(M), TVi (M), TVa(M), TV*
31 =1.000 |0 =0.000 | 1 =1.000 | 1.000
412 =2.000 |0 =0.000 | 0 =0.000 | 0.500
5| —¢®+¢*+4 =4618 |0 =0.000 | —¢® +¢*> + 4 =4.618 | 1.276
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 | 1.333
71 -2 +¢* -+ =7.049 |0 =0.000 | —2¢° + ¢* — ¢ + =7.049 | 0.758
2¢2 +5 2¢2+5
8 | 12+ 6¢> — 64° =20.485 | 0 =0.000 | 8 +4¢> — 4¢° =13.657 | 1.250




Table 17: Invariants for Ly :

Manifolds of complexity 4
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r | TVo(M), TVi (M), TVa(M), TV*
310 =0.000 | O =0.000 |0 =0.000 | 0.000
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 2+¢2—¢ —2618 | 0 —=0.000 | 0 —0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
71 6+3¢—¢®+q* - 3¢° —9.296 | 0 —=0.000 | 0 —0.000 | 0.500
811 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 18: Invariants for Liio:
r | TVo(M), TVi (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|1 =1.000 | O =0.000 | 0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
712+ —¢ =3.247 | 0 —=0.000 | 0 —0.000 | 0.175
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 19: Invariants for Liss:
r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 2+¢2—¢ —2618 | 0 —=0.000 | 0 —0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 | 0 =0.000 | 0.054
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 20: Invariants for Liss:
r | TVo(M), TV (M), TVa(M), TV*
311 =1.000 | -1 =-1.000 | O =0.000 | 0.000
4|2 =2.000 | —¢' +¢° =-1414 | 0 =0.000 | 0.146
5|1 =1.000 | -1 =-1.000 | O =0.000 | 0.000
6|4 =4.000 | 4¢* — 24° =3.464 0 =0.000 | 0.622
710 =0.000 |0 =0.000 0 =0.000 | 0.000
8| 442245 —=6.828 | 3¢' +¢® —¢° — 3¢" —6.309 |0 —0.000 | 0.481




Table 21: Invariants for Lis4:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
5(3+¢ ¢ =3.618 | 0 =0.000 | 0 =0.000 | 0.500
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
711 =1.000 | O =0.000 | O =0.000 | 0.054
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 22: Invariants for Ligyz:
r | TVo(M), TVi(M)q | TVa(M), Tv*®
311 =1.000 0=0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | 2 =2.000 1.000
511 =1.000 0=0.000 | 1 =1.000 0.276
6|4 =4.000 0 =0.000 | O =0.000 0.333
7134+22 - +¢*—2¢° =5.049 | 0=0.000 | 3+2¢2 —¢®+¢* —2¢° =5.049 | 0.543
8 | 8+4q¢% — 44¢° =13.657 | 0 =0.000 | 8 + 4q% — 44" =13.657 | 1.000
Table 23: Invariants for Li7s:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 24: Invariants for Ligs:
r | TVo(M), TVi (M), TVa (M), Tv*:
311 =1.000 | -1 =-1.000 | O =0.000 | 0.000
412 =2.000 | —¢' +¢° =—1414 | 0 =0.000 | 0.146
5l2+¢—¢® =2618 | —2—¢*+ 3 ——2618 | 0 =0.000 | 0.000
6|6 =6.000 | O =0.000 0 =0.000 | 0.500
71242 -8 =3247| —2—-@ + ¢ ——3.247 | 0 =0.000 | 0.000
8| 4+2¢2—2¢5 =6.828 | 3¢' + ¢ — ¢ - 3¢" —6.309 |0 —0.000 | 0.481




Table 25: Invariants for Ligyz:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
71 3+2¢%—¢®+q" —2¢° —5.049 | 0 —0.000 | 0 —0.000 | 0.272
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 26: Invariants for Lo g:
r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
71 6+3¢—¢®+q* - 3¢° —9.296 | 0 —=0.000 | 0 —0.000 | 0.500
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 27: Invariants for S3/Dyy:
r | TVo(M), TVi(M)q | TV2(M), V™
3|1 =1.000 0=0.000 |1 =1.000 1.000
412 =2.000 0=0.000 | 2 =2.000 1.000
5| 54 2¢2 — 263 —6.236 | 0 =0.000 | 5+ 2¢2 — 23 —6.236 | 1.724
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 1.333
7| 845¢>—2¢° +2¢* —5¢° =13.345 | 0 =0.000 | 8+5¢%> —2¢° +2¢* —5¢° =13.345 | 1.436
8 | 16 + 8¢% — 8¢S =27.314 | 0 =0.000 | 16 + 8¢% — 8¢° =27.314 | 2.000
Table 28: Invariants for S3/Qg X Zs:
r | TVo(M), TVi(M)q | TV2(M), V™
3|1 =1.000 0=0.000 | 3 =3.000 2.000
4 | 4 =4.000 0=0.000 | 6 =6.000 2.500
5| 54 2¢2 — 263 —6.236 | 0 =0.000 | 15+ 6¢ — 643 —18.708 | 3.447
6| 12 =12.000 | 0 =0.000 | 36 =36.000 | 4.000
7| 12472 -2 +2¢* —7¢° =19.839 | 0 =0.000 | 36 + 21¢% — 6¢® + 6¢* — =59.516 | 4.268
214°
8 | 20 +12¢% — 12¢° —36.971 | 0 =0.000 | 48 + 30¢% — 30¢° —90.426 | 4.664




Table 29: Invariants for S /Qis:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 -2 =-2.000 1 =1.000 0.000
4 | 4 =4.000 0 =0.000 2 =2.000 1.500
511 =1.000 -2 =-2.000 1 =1.000 0.000
6 | 10 =10.000 | 8¢' — 4¢° =6.928 6 =6.000 1.911
T15+22 -+ =7.049 | —10 — 4¢> + =-14.098 | 5+2¢>2 — ¥ + =7.049 | 0.000
q4 _ 2q5 2(]3 _ 2(]4 +4q5 q4 _ 2q5
8| 16+8¢> —8¢® =27.314 | 4¢* + 4¢® — =10.453 124+ 6¢%2 —6¢° =20.485 | 2.133
4¢° — 44"

Table 30: Invariants for S3/Py,:
r | TVo(M), TVi (M), TVa(M), TV*
3|1 =1.000 0 =0.000 |0 =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
51 5+2q¢%>—2¢° =6.236 0 =0.000 |0 =0.000 | 0.862
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
7| 64+ 4¢% — 263 + 2¢* — 4¢P —10.098 | 0 —0.000 | 0 —0.000 | 0.543
8 | 11 + 6% — 64¢° =19.485 | 0 =0.000 |0 =0.000 | 0.713

Manifolds of complexity 5

Table 31: Invariants for Lg:
r | TVo(M), TVi(M), TVa(M), TV*
310 =0.000 | 0 =0.000 | O =0.000 0.000
412 =2.000 |0 =0.000 | -2 =-—2.000 | 0.000
5)2+¢%—¢ —2.618 | 0 —=0.000 | 2+¢* — ¢° —2.618 | 0.724
6|4 =4.000 | 0 =0.000 | O =0.000 0.333
711 =1.000 | O =0.000 | 1 =1.000 0.108
810 =0.000 | 0 =0.000 | O =0.000 0.000

Table 32: Invariants for Lise:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
5] 2+¢2—¢ —2618 | 0 —0.000 | 0 —0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213




Table 33: Invariants for Lagg:
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r | TVo(M), TV, (M), TVy (M), TV*
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | O =0.000 | 0.500
5|3+¢2—¢ —3.618 | 0 =0.000 | 3+¢2 - ¢ —3.618 | 1.000
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
711 =1.000 | O =0.000 | 1 =1.000 | 0.108
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 | O =0.000 | 0.250
Table 34: Invariants for Lis3s:
r | TVo(M), TVi(M)q | TV2(M), TV
311 =1.000 | 0=0.000 | 1 =1.000 1.000
4|2 =2.000 | 0 =0.000 | -2 =-—2.000 | 0.000
511 =1.000 | 0=0.000 | 1 =1.000 0.276
6|4 =4.000 | 0 =0.000 | O =0.000 0.333
71 34+22 - +¢*—2¢° =5.049 | 0 =0.000 | 3+2¢> —¢® +¢* —2¢° =5.049 | 0.543
810 =0.000 | 0=0.000 | O =0.000 0.000
Table 35: Invariants for Li73:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 36: Invariants for Los i :
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
5(3+¢ ¢ =3.618 | 0 =0.000 | 0 =0.000 | 0.500
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037




Table 37: Invariants for Liga:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
5|1 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —0.000 | 0.272
8 | 3+2¢%—2¢5 =5.828 | 0 =0.000 | O =0.000 | 0.213
Table 38: Invariants for Log1:
r | TVo(M), TVi(M), TVa(M), | TV*
311 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
42 —2.000 | ¢' — ¢ —1.414 | 0 =0.000 | 0.854
511 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
6|4 —4.000 | —4q¢" + 2¢° —_3.464 | 0 =0.000 | 0.045
71342 —®+¢*—245° =5.049 | -3-2¢>+¢% —¢* +2¢° =-5.049 | 0 =0.000 | 0.000
8 | 4+ 2¢% — 248 =6.828 | ¢ +¢°* —¢® — ¢ —2.613 | 0 =0.000 | 0.346
Table 39: Invariants for Loy q:
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 0 =0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | -2 =-2.000 | 0.000
5|1 =1.000 0 =0.000 | 1 =1.000 0.276
6|6 =6.000 0 =0.000 | —6 =-6.000 | 0.000
712+ —¢ =3247 |0 =0.000 | 2+¢% — ¢ —3.247 | 0.349
8 | 8+4¢® — 448 =13.657 | 0 =0.000 | O =0.000 0.500
Table 40: Invariants for Lo 9:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
711 =1.000 | O =0.000 | O =0.000 | 0.054
8 | 3+2¢%—2¢5 =5.828 | 0 =0.000 | O =0.000 | 0.213




Table 41: Invariants for Loss:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
61 =1.000 | O =0.000 | O =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —0.000 | 0.272
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 42: Invariants for Ly 13:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
5|1 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 43: Invariants for Logg:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
5|1 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
711 =1.000 | O =0.000 | O =0.000 | 0.054
8 | 3+2¢%—2¢5 =5.828 | 0 =0.000 | O =0.000 | 0.213
Table 44: Invariants for Lsy 3
r | TVo(M), TVi(M), TVy(M), Tv*
311 =1.000 | -1 =-1.000 | O =0.000 | 0.000
4|2 =2.000 | —¢' + ¢° =—1414 | 0 =0.000 | 0.146
511 =1.000 | -1 =-1.000 | O =0.000 | 0.000
6|4 =4.000 | 4¢" — 24° =3.464 0 =0.000 | 0.622
711 =1.000 | -1 =-1.000 | O =0.000 | 0.000
8 | 44 2¢2 — 24 —6.828 | —3¢'—¢®+¢°+3¢" =-6.309 | 0 —0.000 | 0.019




Table 45: Invariants for Lo s:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | -1 =-1.000 | O =0.000 | 0.000
4|2 =2.000 | ¢* — ¢° =1.414 0 =0.000 | 0.854
5] 2+¢2—¢ —2618 | —2—¢* + ¢3 ——2618 | 0 —0.000 | 0.000
6|4 =4.000 | —4q' + 2¢° =-3.464 | 0 =0.000 | 0.045
711 =1.000 | -1 =-1.000 | O =0.000 | 0.000
8 | 44 2¢2 — 24 =6.828 | —¢' —®+¢ +¢° =-2613|0 —0.000 | 0.154
Table 46: Invariants for Lag12:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
5|1 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
711 =1.000 | O =0.000 | O =0.000 | 0.054
8 | 3+2¢%—2¢5 =5.828 | 0 =0.000 | O =0.000 | 0.213
Table 47: Invariants for Li7.3:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 48: Invariants for Los7:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
510 =0.000 | O =0.000 | O =0.000 | 0.000
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037




Table 49: Invariants for Lzgi1:
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r | TVo(M), TV (M), TVa(M), | TV*
3|1 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
42 =2.000 | —¢' + ¢ ——1.414 | 0 =0.000 | 0.146
5|3+¢2—¢ —3618 | -3—¢* + &3 ——3.618 | 0 =0.000 | 0.000
6|6 =6.000 | O =(.000 0 =0.000 | 0.500
7134+22 - +q*—2¢° =5.049 | =3-2¢°+¢® —¢* +2¢° =-5.049 | 0 =0.000 | 0.000
8 | 4+2¢% — 248 —6.828 | —3¢' —¢® +¢® + 3¢" ——6.309 | 0 =0.000 | 0.019
Table 50: Invariants for Los7:
r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 2+¢2—¢ —2618 | 0 —=0.000 | 0 —0.000 | 0.362
6|1 =1.000 | O =0.000 | 0 =0.000 | 0.083
71 3+2¢% - % +q* —2¢° —5.049 | 0 —0.000 | 0 —0.000 | 0.272
811 =1.000 | O =0.000 | 0 =0.000 | 0.037
Table 51: Invariants for S3/Pyg:
r | TVo(M), TV, (M), TV (M), TV*
3|1 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
412 =2.000 | q' —¢ —1414 |0 —0.000 | 0.854
5] 2+¢2—¢ —2618 | —2— ¢+ ¢3 ——2618 | 0 —0.000 | 0.000
6 | 10 =10.000 | O =0.000 0 =0.000 | 0.833
712 =2.000 | -2 =-2.000 | 0 =0.000 | 0.000
8 | 12+6¢% — 6¢° =20485 | ¢' +¢® — ¢ —¢" =2613 |0 —0.000 | 0.846
Table 52: Invariants for S3/Pl,:
r | TVo(M), TVi (M), TVa(M), TV*
3|1 =1.000 |0 =0.000 | 0 =0.000 | 0.500
411 =1.000 |0 =0.000 | 0 =0.000 | 0.250
5|4+ ¢ —4.618 |0 —=0.000 | 0 —0.000 | 0.638
63 =3.000 | 0 =0.000 | 0 =0.000 | 0.250
712 =2.000 | O =0.000 | 0 =0.000 | 0.108
8 | 9+4q® — 4¢° =14.657 | 0 =0.000 | 0 =0.000 | 0.537




Table 53: Invariants for S /Qa:
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r | TVo(M), TV, (M), TVa (M), TV
3|1 =1.000 0 =0.000 | 1 =1.000 1.000
412 =2.000 0 =0.000 | O =0.000 0.500
51 5+3¢>—3¢° =6.854 0 =0.000 | 5+ 3¢ — 34° =6.854 1.894
6|4 =4.000 0 =0.000 | O =0.000 0.333
7|7+ 24 — 2° —0.494 | 0 —0.000 | 7+ 2¢% — 2¢° —0.494 | 1.021
8 | 12+ 6¢% — 64¢° =20.485 | 0 =0.000 | 8 + 4¢® — 44° =13.657 | 1.250

Table 54: Invariants for S3/Dyy:
r | TVo(M), TV.(M), | TVa(M), TV*
3|1 =1.000 0=0.000 |1 =1.000 1.000
412 =2.000 0=0.000 | 2 =2.000 1.000
5| 1—¢%+¢3 —0.382 | 0 =0.000 | 1—¢? +¢° —0.382 | 0.106
6|4 =4.000 0 =0.000 | O =0.000 0.333
7| 1146¢>—3¢3+3¢*—6¢° =17.147 | 0 =0.000 | 114+6¢> -3¢ +3¢*—6¢° =17.147 | 1.845
8 | 16 + 8¢% — 8¢S =27.314 | 0 =0.000 | 16 + 8¢% — 8¢° =27.314 | 2.000

Table 55: Invariants for S3/Q X Zs:
r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 -2 =-2.000 1 =1.000 0.000
4 | 4 =4.000 0 =0.000 2 =2.000 1.500
52+ —¢° 2618 | —4—242+247 —=-5236 | 2+¢%—¢° —2.618 | 0.000
6| 12 =12.000 | O =0.000 12 =12.000 | 2.000
71 54+22—2¢° =7.494 | —10—42+4¢° ——14.988 | 5+2¢> —2°  —=7.494 | 0.000
8| 16+8¢2 — 8¢5 =27.314 | 12¢' + 4¢° — =25.235 | 124642 —6¢5 =20.485 | 2.674

4¢° — 1247

Table 56: Invariants for S3/Qay X Zs3:
r | TVo(M), TVi(M)q | TVa(M), Tv®
3|1 =1.000 0=0.000 |1 =1.000 1.000
412 =2.000 0=0.000 | 2 =2.000 1.000
5| 1—¢%+¢3 —0.382 | 0 =0.000 | 1—¢? +¢° —0.382 | 0.106
6|4 =4.000 0 =0.000 | O =0.000 0.333
7| 1146¢>—3¢3+3¢*—6¢° =17.147 | 0 =0.000 | 114+6¢> -3¢ +3¢*—6¢° =17.147 | 1.845
8 | 16 + 8¢% — 8¢° =27.314 | 0 =0.000 | 16 + 8¢> — 8¢° =27.314 | 2.000




Table 57: Invariants for 53/D48:
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 0 =0.000 | 1 =1.000 1.000
412 =2.000 0 =0.000 | 2 =2.000 1.000
5| 4+q2—g8 —4.618 |0 —0.000 | 4+ ¢% — ¢ —4618 | 1.276
6 | 10 =10.000 | O =0.000 | 6 =6.000 1.333
71 5+2¢%—2¢° =7.494 0 =0.000 | 54 2¢® — 2¢° =7.494 0.806
8 | 8+4q¢% — 44¢° =13.657 | 0 =0.000 | 8 + 4¢® — 44° =13.657 | 1.000
Table 58: Invariants for S3/Qg X Zs:
r | TVo(M), TVi(M), | TVa(M), TV
3|1 =1.000 0=0.000 | 3 =3.000 2.000
4 | 4 =4.000 0=0.000 | 6 =6.000 2.500
5(3+q2—g° —3.618 | 0=0.000 | 9+ 3¢ — 3¢° —10.854 | 2.000
6 | 10 =10.000 | 0 =0.000 | 18 =18.000 | 2.333
7 | 11+6¢2—3¢°+3¢"—6¢° =17.147 | 0 =0.000 | 33+ 18¢% — 9¢° + 9¢* — —=51.440 | 3.689
18¢°
8 | 20+ 12¢% — 1245 =36.971 | 0 =0.000 | 48 + 304% — 3045 =90.426 | 4.664
Table 59: Invariants for S3/Qs X Zs:
r | TVo(M), TVi(M), | TVa(M), TV
3|1 =1.000 0=0.000 |1 =1.000 1.000
412 =2.000 0=0.000 |0 =0.000 0.500
5(3+q2—g8 —3.618 | 0=0.000 | 3+ ¢ —¢° —3.618 | 1.000
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 1.333
7| 845¢>—2¢° +2¢* —5¢° =13.345 | 0 =0.000 | 8+5¢%> —2¢° +2¢* —5¢° =13.345 | 1.436
8 | 12+ 6¢% — 64¢° =20.485 | 0 =0.000 | 8 + 4q% — 44" =13.657 | 1.250
Table 60: Invariants for S/ Py X Zs:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 0 =0.000 | O =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
5|3+4¢2—¢ —3618 |0 —0.000 | 0 —0.000 | 0.500
6|3 =3.000 0 =0.000 | O =0.000 | 0.250
7| 4+2¢%—2¢° =6.494 0 =0.000 |0 =0.000 | 0.349
8 | 9+ 4¢ — 4 —14.657 | 0 —0.000 | 0 —0.000 | 0.537




Table 61: Invariants for 53/P120:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 0 =0.000 | O =0.000 | 0.500
4|1 =1.000 0 =0.000 | O =0.000 | 0.250
5|54 3¢ -3¢ =6.854 | 0 =0.000 | O =0.000 | 0.947
61 =1.000 0 =0.000 | O =0.000 | 0.083
7 | 8+ 5¢% — 2¢° + 2¢* — 5¢° =13.345 | 0 =0.000 | O =0.000 | 0.718
8 | 9+ 4q¢% — 4¢° =14.657 | 0 =0.000 | O =0.000 | 0.537
Manifolds of complexity 6

Table 62: Invariants for Ly :
r | TVo(M), TVi(M), TVa(M), TV*
310 =0.000 | O =0.000 | O =0.000 | 0.000
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —=0.000 | 0.272
811 =1.000 | O =0.000 | O =0.000 | 0.037

Table 63: Invariants for Lisq:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
50 =0.000 | O =0.000 | O =0.000 | 0.000
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
711 =1.000 | O =0.000 | O =0.000 | 0.054
811 =1.000 | O =0.000 | O =0.000 | 0.037

Table 64: Invariants for Ligg:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —0.000 | 0.272
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | O =0.000 | 0.213




Table 65: Invariants for Lag7:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 |0 =0.000 |0 =0.000 | 0.500
510 =0.000 | O =0.000 |0 =0.000 | 0.000
6|4 =4.000 | O =0.000 |0 =0.000 | 0.333
711 =1.000 | O =0.000 | 1 =1.000 | 0.108
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 |0 =0.000 | 0.250
Table 66: Invariants for Lagg:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 67: Invariants for Ly ;-
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 68: Invariants for Lse ;-
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 1.000
412 =2.000 |0 =0.000 |0 =0.000 0.500
511 =1.000 | O =0.000 | 1 =1.000 0.276
6|6 =6.000 | O =0.000 | —6 =-—6.000 | 0.000
711 =1.000 | O =0.000 | 1 =1.000 0.108
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 |0 =0.000 0.250




Table 69: Invariants for Lzg14:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
6|3 =3.000 | O =0.000 | O =0.000 | 0.250
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
8|1 =1.000 | O =0.000 | O =0.000 | 0.037
Table 70: Invariants for Los4:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | O =0.000 | O =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —=0.000 | 0.272
8|1 =1.000 | O =0.000 | O =0.000 | 0.037
Table 71: Invariants for Ly 5:
r | TVo(M), TVi(M), TVa (M), Tv*®
3|1 =1.000 | -1 =-1.000 | O =0.000 | 0.000
412 =2.000 | —¢' +¢° =—1.414 |0 =0.000 | 0.146
511 =1.000 | -1 =-1.000 | O =0.000 | 0.000
6|4 =4.000 | 4¢" — 24° =3.464 0 =0.000 | 0.622
711 =1.000 | -1 =-1.000 | O =0.000 | 0.000
8 | 44 2¢2 — 24 —6.828 | —3¢' —®+¢°+3¢" =-6.309 | 0 —0.000 | 0.019
Table 72: Invariants for Lg7i;:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | O =0.000 | O =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —0.000 | 0.272
8|1 =1.000 | O =0.000 | O =0.000 | 0.037




Table 73: Invariants for Lais:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 74: Invariants for Logs:
r | TVo(M), TVi(M), TVy (M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 |0 =0.000 |0 =0.000 | 0.500
5] 2+¢2—¢ —2618 | 0 —0.000 | 2+ ¢ — ¢3 —2.618 | 0.724
6|4 =4.000 | O =0.000 |0 =0.000 | 0.333
710 =0.000 | O =0.000 |0 =0.000 | 0.000
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 |0 =0.000 | 0.250
Table 75: Invariants for Ly 1g:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 76: Invariants for Ly 3:
r | TVo(M), TVi(M), | TV2(M), TV*®
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | O =0.000 | 0.500
511 =1.000 | 0 =0.000 | 1 =1.000 | 0.276
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
7134+22 - +¢*—2¢°  =5.049 | 0 =0.000 | 3+2¢2 —g® +¢* —2¢°  =5.049 | 0.543
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 | O =0.000 | 0.250




Table 77: Invariants for Lag9:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|1 =1.000 | O =0.000 | 0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
710 =0.000 | O =0.000 |0 =0.000 | 0.000
811 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 78: Invariants for Larg:
r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —=0.000 | 0.272
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 79: Invariants for Ly :
r | TVo(M), TV (M), TVa(M), TV
311 =1.000 | -1 =-1.000 | O =0.000 | 0.000
4|2 =2.000 | —¢' +¢° =-1414 | 0 =0.000 | 0.146
5|3+¢2—¢ —3618 | -3—¢* + &3 ——3.618 | 0 —0.000 | 0.000
6|4 =4.000 | —4q" +2¢° =-3464 | 0 =0.000 | 0.045
711 =1.000 | -1 =-1.000 | O =0.000 | 0.000
8 | 44 2¢> —2¢° =6.828 | 3¢ +¢°> — ¢® — 3q7 =6.309 0 =0.000 | 0.481
Table 80: Invariants for Ly .3:
r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —0.000 | 0.272
811 =1.000 | O =0.000 |0 =0.000 | 0.037




Table 81: Invariants for Lssoi:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
5(3+¢ ¢ =3.618 | 0 =0.000 | 0 =0.000 | 0.500
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 82: Invariants for Lors:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 83: Invariants for Lsg17:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 84: Invariants for Ly 19:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 |0 =0.000 | 0.054
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037




Table 85: Invariants for Lags7:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | —1 =-1.000 | 0 =0.000 | 0.000
4|2 =2.000 | —¢' +¢° =—1.414 | 0 =0.000 | 0.146
511 =1.000 | —1 =-1.000 | 0 =0.000 | 0.000
6|4 =4.000 | —4q" + 2¢° =-3.464 | 0 =0.000 | 0.045
712+ —¢° —3247 | —2— @ + ¢ —-3.247 | 0 —0.000 | 0.000
8 | 44 2¢2 — 24 —6.828 | 3¢' +¢® —¢° —3¢" =6.309 |0 —0.000 | 0.481
Table 86: Invariants for Lo i3:
r | TVo(M), TVi (M), TVa(M)q | TV™
3|1 =1.000 | -1 =-—1.000 | 0 =0.000 | 0.000
42 =2.000 | —¢' + ¢3 ——1.414 | 0 =0.000 | 0.146
510 =0.000 | O =0.000 0 =0.000 | 0.000
6|6 =6.000 | O =0.000 0 =0.000 | 0.500
71834+22 - +q*—2¢° =5.049 | -3-24+¢® —q*+2¢° =—5.049 | 0=0.000 | 0.000
8 | 4+2¢% — 248 —6.828 | —3¢' — ¢® + ¢® +3¢" ——6.309 | 0 =0.000 | 0.019
Table 87: Invariants for Loy 4:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
511 =1.000 | O =0.000 |0 =0.000 | 0.138
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
710 =0.000 | O =0.000 |0 =0.000 | 0.000
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 88: Invariants for Loss:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 1.000
412 =2.000 |0 =0.000 | 2 =2.000 1.000
511 =1.000 | O =0.000 | 1 =1.000 0.276
6|6 =6.000 | O =0.000 | —6 =—6.000 | 0.000
712+ —¢ =3.247 | 0 —0.000 | 2+ ¢% — ¢ —3.247 | 0.349
810 =0.000 | 0 =0.000 | O =0.000 0.000




Table 89: Invariants for Lss14:
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r | TVo(M), TV, (M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
5] 2+¢2—¢ —2618 | 0 —=0.000 | 0 —0.000 | 0.362
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
71 3+2¢%—¢®+q" —2¢° —5.049 | 0 —0.000 | 0 —0.000 | 0.272
8|1 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 90: Invariants for Losi1:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 |0 =0.000 | 2 =2.000 | 1.000
511 =1.000 | O =0.000 | 1 =1.000 | 0.276
6|6 =6.000 | O =0.000 | 6 =6.000 | 1.000
712+ —¢ =3.247 | 0 =0.000 | 2+¢% —¢® =3.247 | 0.349
810 =0.000 | O =0.000 |0 =0.000 | 0.000
Table 91: Invariants for Lys9:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 |0 =0.000 | 0.500
411 =1.000 | O =0.000 |0 =0.000 | 0.250
5|3+¢2—¢ =3.618 | 0 —=0.000 | 0 —0.000 | 0.500
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
712+ —¢ =3.247 | 0 —=0.000 | 0 —0.000 | 0.175
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 |0 =0.000 | 0.213
Table 92: Invariants for Ly :
r | TVo(M), TVi(M), | TV2(M), TV*®
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5|3+¢2—¢ —3.618 | 0 =0.000 | 3+¢%—¢° —3.618 | 1.000
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
7134+22 - +¢*—2¢°  =5.049 | 0 =0.000 | 3+2¢2 —g® +¢* —2¢°  =5.049 | 0.543
810 =0.000 | 0 =0.000 | O =0.000 | 0.000




Table 93: Invariants for Lasg:
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r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
510 =0.000 | O =0.000 |0 =0.000 | 0.000
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
716+3¢>2—¢°+ q4 —3¢° =9.296 | 0 =0.000 |0 =0.000 | 0.500
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213
Table 94: Invariants for Lss10:
r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
713424 —¢®+q*—2¢° =5.049 | 0 =0.000 | 0 —=0.000 | 0.272
811 =1.000 | O =0.000 |0 =0.000 | 0.037
Table 95: Invariants for Lgy7:
r | TVo(M), TV, (M), TVy (M), TV*
311 =1.000 0 =0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | 2 =2.000 1.000
5] 2+¢2—¢ —2618 |0 —0.000 | 2+ ¢ — ¢3 —2618 | 0.724
6|4 =4.000 0 =0.000 |0 =0.000 0.333
712+ —¢ =3.247 | 0 =0.000 | 2+ ¢ — ¢° —3.247 | 0.349
8 | 8+4q¢% — 44¢° =13.657 | 0 =0.000 | —8 — 4¢® + 4¢° =-13.657 | 0.000
Table 96: Invariants for Lysg:
r | TVo(M), TV, (M), TVa(M), TV*
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
512+¢ —¢ —2.618 | 0 =0.000 | 0 =0.000 | 0.362
6|1 =1.000 | O =0.000 |0 =0.000 | 0.083
711 =1.000 | O =0.000 | 0 =0.000 | 0.054
8 | 3+ 2¢> —2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213




Table 97: Invariants for Lz z:
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r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
511 =1.000 | O =0.000 | O =0.000 | 0.138
61 =1.000 | O =0.000 | O =0.000 | 0.083
71244 ¢ =3.247 | 0 =0.000 | 0 =0.000 | 0.175
811 =1.000 | O =0.000 | O =0.000 | 0.037
Table 98: Invariants for %
( 0 —1)
r | TVo(M), TVi(M), | TVo(M), TV*
3|1 =1.000 | 0=0.000 | 3 =3.000 2.000
4|4 =4.000 | 0=0.000 | O =0.000 1.000
52-¢+¢° —=1.382 | 0 =0.000 | 6 — 3¢2 + 3¢3 —4.146 | 0.764
6 | 18 =18.000 | 0 =0.000 | 18 =18.000 | 3.000
7 | 1246¢°—2¢°+2¢* —6¢° =18.592 | 0 =0.000 | 36 + 18¢% — 6¢® + 6¢* — =55.775 | 4.000
18¢°
8 | 24 + 8¢* — 84° =35.314 | 0 =0.000 | 24 =24.000 | 2.172
Table 99: Invariants for %
(—1 0)
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 -2 =-—2.000 1 =1.000 | 0.000
4|4 =4.000 0 =0.000 0 =0.000 | 1.000
510 =0.000 0 =0.000 0 =0.000 | 0.000
6|12 =12.000 | O =0.000 0 =0.000 | 1.000
7T16+3¢2—¢+ =9206 | —12 — 66> + =-18592 | 6+ 3¢ — ¢® + =9.296 | 0.000
q4 _ 3q5 2(]3 _ 2(]4 + 6q5 q4 _ 3q5
8| 16+8¢%2—8¢% =27314 |0 =0.000 0 =0.000 | 1.000
Table 100: Invariants for %
(0 1 )
r | TVo(M), TVi(M), | TVo(M), TV*
3|1 =1.000 | 0=0.000 | 3 =3.000 2.000
4|4 =4.000 | 0=0.000 | O =0.000 1.000
52-¢+¢° —=1.382 | 0 =0.000 | 6 — 3¢2 + 3¢3 —4.146 | 0.764
6 | 18 =18.000 | 0 =0.000 | 18 =18.000 | 3.000
7 | 1246¢°—2¢°+2¢* —6¢° =18.592 | 0 =0.000 | 36 + 18¢% — 6¢® + 6¢* — =55.775 | 4.000
18¢°
8 | 24 + 8¢* — 84° =35.314 | 0 =0.000 | 24 =24.000 | 2.172




Table 101: Invariants for

TxI
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r | TVo(M), TVi(M), | TVo(M), TV*
311 =1.000 0=0.000 | 7 =7.000 4.000
418 =8.000 0 =0.000 | 28 =28.000 9.000
5 | 12 +4¢% — 4¢3 —=14.472 | 0 =0.000 | 84 + 28¢% — 2843 —=101.305 | 16.000
6 | 48 =48.000 | 0 =0.000 | 252 =252.000 25.000
7154+ 27¢2 — 9¢> + =83.663 | 0 =0.000 | 378 + 189¢®> — 63¢> + =585.642 | 36.000
9¢* — 27¢° 63¢* — 189¢°
8 | 112 + 56¢% — 564° =191.196 | 0 =0.000 | 672 + 336¢> — 336¢° =1147.176 | 49.000
Table 102: Invariants for OT%
( -1 -1 )
r | TVo(M), TVi(M), TVy (M), TV*
311 =1.000 0 =0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | -2 =-2.000 | 0.000
5(3+¢—¢° —3618 |0 =0.000 | 3+¢®—¢° —3.618 | 1.000
6|12 =12.000 | O =0.000 | O =0.000 1.000
710 =0.000 0 =0.000 | O =0.000 0.000
8 | 16 + 8¢* — 84° =27314 | 0 =0.000 | O =0.000 1.000
Table 103: Invariants for %
(1 0 )
r | TVo(M), TVi(M), TVy (M), TV*
311 =1.000 0 =0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | -2 =-2.000 | 0.000
5(3+¢—¢° —3618 |0 =0.000 | 3+¢®—¢° —3.618 | 1.000
6|12 =12.000 | O =0.000 | O =0.000 1.000
710 =0.000 0 =0.000 | O =0.000 0.000
8 | 16 + 8¢* — 84° =27314 | 0 =0.000 | O =0.000 1.000
Table 104: Invariants for %
( 0 —1)
r | TVo(M), TVi(M), | TVo(M), TV*
311 =1.000 0=0.000 | 7 =7.000 4.000
418 =8.000 0 =0.000 | 28 =28.000 9.000
5 | 12 +4¢% — 4¢3 —=14.472 | 0 =0.000 | 84 + 28¢% — 2843 —101.305 | 16.000
6 | 48 =48.000 | 0 =0.000 | 252 =252.000 25.000
7154+ 27¢2 — 9¢> + =83.663 | 0 =0.000 | 378 + 189¢®> — 63¢> + =585.642 | 36.000
9¢* — 27¢° 63¢* — 189¢°
8 | 112 + 56¢% — 564° =191.196 | 0 =0.000 | 672 + 336¢> — 336¢° =1147.176 | 49.000




Table 105: Invariants for

0 -1

(

KXIUKXI .

]
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1 0
r | TVo(M), TVi(M), | TVa(M), TV
311 =1.000 0 =0.000 | 3 =3.000 2.000
4|4 =4.000 0 =0.000 | 12 =12.000 4.000
5 | 8+ 4q2 — 4¢® —10.472 | 0 =0.000 | 24 + 12¢2 — 12¢° —31.416 | 5.789
6 | 28 =28.000 | 0 =0.000 | 72 =72.000 8.333
7 | 30+19¢2 —9¢3+9¢* — =49.687 | 0 =0.000 | 90+5742—27¢+27¢*— =149.062 | 10.690
1943 57¢°
8 | 48 4+ 32¢% — 324 =93.255 | 0 =0.000 | 144 + 964> — 964° =279.765 | 13.657
Table 106: Invariants for S3/Pioy X Z7:
r | TVo(M), TV,(M), TVa(M), TV
311 =1.000 0 =0.000 | 0 =0.000 | 0.500
4|1 =1.000 0 =0.000 | 0 =0.000 | 0.250
5(1—q2+g° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
6|1 =1.000 0 =0.000 | 0 =0.000 | 0.083
716432 - +q¢* 3¢ —9.206 | 0 —0.000 | 0 —0.000 | 0.500
8 | 9+ 4q¢% — 4¢° =14.657 | 0 =0.000 | 0 =0.000 | 0.537
Table 107: Invariants for S3/Dsg:
r | TVo(M), TVi(M), TVa(M), TV
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | 2 =2.000 | 1.000
5| 5+ 2¢% — 2¢° —6.236 | 0 —0.000 | 5+ 242 — 2¢° —6.236 | 1.724
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
7| 2—2+345—3¢"+¢* —=2.088 | 0 —0.000 | 2—¢2+3¢°—3q"+¢° =2.088 | 0.225
810 =0.000 | O =0.000 | 0 =0.000 | 0.000
Table 108: Invariants for S3/ Py X Zs:
r | TVo(M), TVi(M), TVa(M), | TV®
311 =1.000 -1 =-1.000 0 =0.000 | 0.000
42 —2.000 | —¢' +¢° ——1414 | 0=0.000 | 0.146
5(3+q2—g8 —3618 | -3—g% +¢° —_3618 | 0=0.000 | 0.000
6| 10 =10.000 | O =0.000 0 =0.000 | 0.833
7| 6+4¢— 23 +2¢" —44° =10.098 | —6—4¢>+2¢5—2¢*+4¢45 =—10.098 | 0 =0.000 | 0.000
8 | 12 + 642 — 6¢° —20.485 | —3¢' — ¢® +¢° + 3¢  =—6.309 | 0=0.000 | 0.519




Table 109: Invariants for 53/Q24:
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r | TVo(M), TV (M), TVa(M), TV*
311 =1.000 0 =0.000 | 3 =3.000 2.000
4|4 =4.000 0 =0.000 | -2 =-—2.000 | 0.500
511 =1.000 0 =0.000 | 3 =3.000 0.553
6| 16 =16.000 | O =0.000 | 12 =12.000 | 2.333
712+ —¢° =3247 |0 =0.000 | 6+ 3¢ — 3¢° —9.741 | 0.699
8 | 12+4¢% — 4¢° —17.657 | 0 —=0.000 | —2¢° + 2¢° —_2.898 | 0.543
Table 110: Invariants for KELIBXI
(i)
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 |7 =7.000 4.000
4|8 =8&8.000 0 =0.000 | 24 =24.000 8.000
5| 10+ 3¢% — 3¢° =11.854 0 =0.000 | 70 + 21¢® — 214° =82.979 13.106
6 | 46 =46.000 0 =0.000 | 198 =198.000 | 20.333
7| 4442242 —6¢3 +6¢4— =68.763 | 0 =0.000 | 308 + 154¢% — 42¢° + =481.343 | 29.589
22¢° 42¢* — 154¢°
8 | 96 + 48¢% — 48¢° —163.882 | 0 =0.000 | 544 + 272¢% — 272¢° —928.666 | 40.000
Table 111: Invariants for S3/Qag X Zs:
r | TVo(M), TV, (M), TVy (M), TV*
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | O =0.000 | 0.500
5| 54 2¢2 — 263 —6.236 | 0 =0.000 | 5+ 2¢> — 243 —6.236 | 1.724
6|6 =6.000 | O =0.000 | 6 =6.000 | 1.000
T12-?—@+¢*+¢F =0308 |0 =0.000 | 2—¢2—®+¢*+¢° =0.308 | 0.033
8 | 44 2¢> —2¢° =6.828 | 0 =0.000 | O =0.000 | 0.250
Table 112: Invariants for S3/Qse X Zs:
r | TVo(M), TV, (M), TVa(M), TV
311 =1.000 -2 =-—2.000 1 =1.000 0.000
4 | 4 =4.000 —4q' + 44° =—5.657 2 =2.000 0.086
5|5+22 -2 =6.236 | —10—4¢>+4¢® =-12472 | 5+24° —2¢° =6.236 | 0.000
6|12 =12.000 | O =0.000 12 =12.000 | 2.000
713422 —¢*+ =5049 | -6 — 4¢> + =-10.098 | 3+2¢> —¢®+ =5.049 | 0.000
q4 _ 2q5 2(]3 _2q4+4q5 q4 _ 2q5
818 =8.000 0 =0.000 4 — 2¢° + 248 =1.172 0.336




Table 113: Invariants for S /Py X Zz:
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r | TVo(M), TVi(M), TVa(M), | TV*
311 =1.000 | -1 —1.000 | 0 =0.000 | 0.000
4|2 =2.000 | ¢'—¢® =1.414 | 0 =0.000 | 0.854
511 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
6 | 10 =10.000 | 0 =0.000 | 0 =0.000 | 0.833
716+3¢2-¢®+q¢* -3¢ =9.296 | —6-3¢>+¢®—q¢*+3¢° =-9.296 | 0 =0.000 | 0.000
8 | 124 6¢2 — 6¢° =20485 | —¢' =@+ +q° =—-2.613 | 0 =0.000 | 0.654
Table 114: Invariants for S3/ Py X Zs:
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 |0 =0.000 | 0O =0.000 | 0.500
4|1 =1.000 |0 =0.000 | 0 =0.000 | 0.250
5|1-¢*+¢° =0.382 |0 =0.000 | 0 =0.000 | 0.053
6|1 =1.000 |0 =0.000 | 0 =0.000 | 0.083
7 | 84 5¢2 — 2¢° + 2¢* — 5¢° =13.345 | 0 =0.000 | 0 =0.000 | 0.718
8 | 11 4+ 6¢> — 64° =19.485 | 0 =0.000 | 0 =0.000 | 0.713
Table 115: Invariants for S3/Qsy X Zs:
r | TVo(M), TVi (M), TVa(M), TV*
311 =1.000 | -2 =—2.000 | 1 =1.000 | 0.000
4|4 =4.000 | —4q¢' +4¢° =—5.657 | 2 =2.000 | 0.086
5(3+¢*-¢° =3618 | -6—2¢2+2¢° =-7.236|3+¢2—¢3 =3.618 | 0.000
6 | 10 =10.000 | 8¢' — 4¢® =6.928 | 6 =6.000 | 1.911
711 =1.000 | -2 =-2.000 | 1 =1.000 | 0.000
8|8 =8.000 |0 =0.000 | 4—2¢%+24° =1.172 | 0.336
Table 116: Invariants for 5’3/Q20 X Zr:
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
5|1-¢*+¢° =0.382 | 0=0.000 | 1-¢*>+¢° =0.382 | 0.106
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
716+3¢2—¢>+¢*—3¢° =9.296 | 0=0.000 | 6+3¢>—¢°>+q¢*—3¢° =9.296 | 1.000
8 | 12+ 6¢> — 64° =20.485 | 0 =0.000 | 8 + 4¢> — 44° =13.657 | 1.250




Table 117: Invariants for 53/D112:
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r | TVo(M), TV (M), TVa(M), TV*
311 =1.000 0 =0.000 | 1 =1.000 1.000
412 =2.000 0 =0.000 | 2 =2.000 1.000
5|4+¢2—¢8 =4.618 | 0 =0.000 | 4+¢2 — ¢ =4.618 | 1.276
6|4 =4.000 0 =0.000 | O =0.000 0.333
T 2-2-@+¢*+¢ =0.308 |0 =0.000 | 2—¢*—¢®+¢*+¢° =0.308 | 0.033
8 | 8+4q¢% — 44¢° =13.657 | 0 =0.000 | 8 + 4¢® — 44° =13.657 | 1.000

Table 118: Invariants for S3/Q X Z7:
r | TVo(M), TV:i(M), TVa(M), TV*
3|1 =1.000 -2 =-—2.000 1 =1.000 0.000
4 | 4 =4.000 0 =0.000 2 =2.000 1.500
5|2+¢2—¢° =2618 | -4-2¢2+2¢5 =-5236 |2+¢>—¢ =2.618 | 0.000
6 | 10 =10.000 | —8¢' + 4¢° =—6.928 6 =6.000 0.756
716+3¢2—¢*+ =9.296 | -12 — 6¢> + = -18.592 | 6+3¢> —¢>+ =9.296 | 0.000

q4 _ 3q5 2(]3 _2q4+6q5 q4 _ 3q5
8 | 16 +8¢% — 8¢5 =27.314 | —4¢' — 4¢® + = —10.453 | 12+6¢2 — 6¢° =20.485 | 1.367
4¢° + 447

Table 119: Invariants for S3/Qe X Zs:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 -2 =-—2.000 1 =1.000 0.000
4 | 4 =4.000 0 =0.000 2 =2.000 1.500
5|3+¢2—¢° =3.618 | —6—2¢2+2¢° =-7236 |3+¢>—¢ =3.618 | 0.000
6 | 10 =10.000 | —8q' + 4¢° =—6.928 6 =6.000 0.756
7| 845¢2—2¢°+ =13.345 | =16 — 10¢°> + = —26.690 | 8+5¢>—2¢°+ =13.345 | 0.000

2¢* — 5¢° 4¢3 —4¢*+10¢° 2¢* — 5¢°
8 | 16 +8¢% —8¢% =27.314 | —12¢' —4¢® + = —25.235 | 12+ 642 — 6¢° =20.485 | 0.826
4¢° +12¢7

Table 120: Invariants for S3/Qs X Z7:
r | TVo(M), TVi(M)q | TVa(M), Tv®
311 =1.000 0=0.000 | 1 =1.000 1.000
412 =2.000 0 =0.000 | O =0.000 0.500
5| 5+ 2¢% — 24° =6.236 | 0 =0.000 | 5+ 2¢% — 2¢° =6.236 | 1.724
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 1.333
716+3¢2—¢>+¢*—3¢° =9.296 | 0=0.000 | 6+3¢>—¢°>+q¢*—3¢° =9.296 | 1.000
8 | 12+ 6¢% — 64¢° =20.485 | 0 =0.000 | 8 + 4q% — 44" =13.657 | 1.250




Table 121: Invariants for 53/D160:
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r | TVo(M), TV, (M), TVy (M), TV*
3|1 =1.000 0 =0.000 | 1 =1.000 1.000
412 =2.000 0 =0.000 | 2 =2.000 1.000
5| 1-¢2+¢ —0.382 | 0 =0.000 | 1—¢2 + ¢3 —0.382 | 0.106
6|4 =4.000 0 =0.000 | O =0.000 0.333
7| 7+2¢% — 245 —9.494 | 0 =0.000 | 7+ 2¢> — 2¢° —9.494 | 1.021
8 | 8+ 4q? — 4g° —13.657 | 0 —=0.000 | 8+ 4¢® — 4¢° —13.657 | 1.000
Table 122: Invariants for S3/Qg X Zy:
r | TVo(M), TVi(M), | TVa(M), TV*
3|1 =1.000 0 =0.000 | 3 =3.000 2.000
4 | 4 =4.000 0=0.000 | 6 =6.000 2.500
5| 54 2¢2 — 263 —6.236 | 0 =0.000 | 15+ 6¢ — 643 —18.708 | 3.447
6 | 10 =10.000 | 0 =0.000 | 18 =18.000 | 2.333
71643 —®+q* -3¢ =9.296 | 0=0.000 | 18+9¢>—3¢®+3¢* —9¢° —=27.888 | 2.000
8 | 12+4¢% — 4¢b —=17.657 | 0 =0.000 | 24 + 6¢2 — 6¢° —32.485 | 1.836
Table 123: Invariants for S3/Dgy:
r | TVo(M), TVi(M)q | TVa(M), V™
3|1 =1.000 0=0.000 |1 =1.000 1.000
412 =2.000 0=0.000 | 2 =2.000 1.000
51 5+3q>—3¢° =6.854 0 =0.000 | 5+ 3¢% — 3¢° =6.854 1.894
6|4 =4.000 0 =0.000 | O =0.000 0.333
7| 124+7¢>—2¢°+2¢*—7¢° =19.839 | 0 =0.000 | 12+7¢>—2¢°+2¢*—7¢°> =19.839 | 2.134
8 | 8+ 4q¢? — 4q° —13.657 | 0 =0.000 | 8 + 42 — 4¢° —13.657 | 1.000
Table 124: Invariants for S3/Pioy X Zos:
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 0 =0.000 | O =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
5| 1-¢2+¢ —0.382 | 0 —=0.000 | 0 —0.000 | 0.053
6|1 =1.000 0 =0.000 | O =0.000 | 0.083
71 5+2¢%—2¢° =7.494 0 =0.000 |0 =0.000 | 0.403
8 | 9+ 4q¢% — 4¢° =14.657 | 0 =0.000 | O =0.000 | 0.537




Table 125: Invariants for S/ Pay X Zz:
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 0 =0.000 |0 =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
5| 4+q2—g8 —4.618 |0 —0.000 | 0 —0.000 | 0.638
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
716432 - +q¢* -3¢ —9.206 | 0 —0.000 | 0 —0.000 | 0.500
8 | 11 + 6% — 64¢° =19.485 | 0 =0.000 |0 =0.000 | 0.713
Table 126: Invariants for S3/Pj:
r | TVo(M), TV,(M), TVa(M), TV
3|1 =1.000 0 =0.000 |0 =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
51 5+2q¢%>—2¢° =6.236 0 =0.000 |0 =0.000 | 0.862
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
7| 4+2¢%—2¢° =6.494 0 =0.000 |0 =0.000 | 0.349
8 | 11 + 6% — 64¢° =19.485 | 0 =0.000 |0 =0.000 | 0.713
Table 127: Invariants for S3 /Py X Zy; :
r | TVo(M), TVi (M), TV3(M), v
3|1 =1.000 -1 =-1.000 | 0 =0.000 | 0.000
412 =2.000 —q' +¢° =—1.414 | 0 =0.000 | 0.146
5(2+¢2—g8 —2618 | —2— ¢ + ¢ —_2.618 | 0 —0.000 | 0.000
6 | 10 =10.000 | O =0.000 0 =0.000 | 0.833
7| 44242 —2¢° —6.494 | —4—2¢% + 24° ——6.494 | 0 —0.000 | 0.000
8 | 12 + 642 — 6¢° —20.485 | —3¢'—P+¢°+3¢" =—6.309 | 0 —0.000 | 0.519
Table 128: Invariants for S3/Poy X Zy; :
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 0 =0.000 |0 =0.000 | 0.500
411 =1.000 0 =0.000 |0 =0.000 | 0.250
51 5+2q¢%>—2¢° =6.236 0 =0.000 |0 =0.000 | 0.862
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
712 =2.000 0 =0.000 |0 =0.000 | 0.108
8 | 9+ 4q¢% — 4¢° =14.657 | 0 =0.000 |0 =0.000 | 0.537




Table 129: Invariants for S/ Piag X Zy7:
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r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 |0 =0.000 | 0 =0.000 | 0.500
4|1 =1.000 |0 =0.000 | 0 =0.000 | 0.250
5| 1—¢%+¢3 —0.382 | 0 —0.000 | 0 —0.000 | 0.053
6|1 =1.000 |0 =0.000 | 0 =0.000 | 0.083
7| 542¢% — @ + ¢ — 26° —7.049 | 0 —0.000 | 0 —0.000 | 0.379
8 | 9+4q® — 4¢° =14.657 | 0 =0.000 | 0 =0.000 | 0.537
Table 130: Invariants for ZF(1):
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|44 — ¢ —4.618 | 0 —0.000 | 0 —0.000 | 0.638
619 =9.000 | O =0.000 | 0 =0.000 | 0.750
7| 6+3¢%—2¢° +2¢* - 3¢° =8.851 | O =0.000 | 0 =0.000 | 0.476
811 =1.000 | O =0.000 | 0 =0.000 | 0.037
Table 131: Invariants for ZF(2):
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
4|2 —2.000 | —¢' +¢° —_1.414 | 0=0.000 | 0.146
5| 5+ 2¢% — 243 —6.236 | —5—2¢ + 24° ——6.236 | 0 =0.000 | 0.000
6 | 12 =12.000 | —12¢* + 64° =-10.392 | 0 =0.000 | 0.134
7| 946¢> =243 +2¢" —6¢° =15.592 | —9— 6¢> +2¢° — 2¢* + =—15.592 | 0 =0.000 | 0.000
64°
8 | 20 + 10¢% — 104° —34.142 | —9¢' —3¢® +3¢° +9¢7 =-18.926 | 0 =0.000 | 0.557
Table 132: Invariants for ZF'(3):
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5| 54+2¢%—2¢° =6.236 | 0 =0.000 | 0 =0.000 | 0.862
619 =9.000 | O =0.000 | 0 =0.000 | 0.750
73445 ¢ —3.445 | 0 —0.000 | 0 —0.000 | 0.185
8 | 3+2¢%—2¢° =5.828 | 0 =0.000 | 0 =0.000 | 0.213




Table 133: Invariants for S°/Qag X Zs:
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r | TVo(M), TV, (M), TVy (M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | O =0.000 | 0.500
5(3+¢—¢° —3.618 | 0 =0.000 | 3+¢2 - ¢ —3.618 | 1.000
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
7| 2—?+343 -3¢ +¢5 =2.088 | 0 —0.000 | 2—¢2+3¢3 -3¢ +¢° =2.088 | 0.225
8 | 442¢% —2¢° =6.828 | 0 =0.000 | O =0.000 | 0.250
Table 134: Invariants for S3/Dyg:
r | TVo(M), TVi(M), | TVa(M), TV*
3|1 =1.000 | 0=0.000 |1 =1.000 1.000
4|2 =2.000 | 0=0.000 | 2 =2.000 1.000
5| 5+ 2¢% — 243 —=6.236 | 0 =0.000 | 5+ 2¢* — 2¢° —6.236 | 1.724
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 1.333
71542 —®+q" =245 =7.049 | 0=0000 | 5+2¢> —¢® +¢* —24° =7.049 | 0.758
8 | 8+4¢® — 448 =13.657 | 0 =0.000 | 8 + 4¢% — 44° =13.657 | 1.000
Table 135: Invariants for %
(—1 0)
r | TVo(M), TVi(M), | TVa(M), TV*
3|1 =1.000 | 0=0.000 | 3 =3.000 2.000
4|4 =4.000 | 0=0.000 | 4 =4.000 2.000
5 4+¢ —¢ —4.618 | 0=0.000 | 12+ 3¢ — 3¢3 —13.854 | 2.553
6 | 22 =22.000 | 0 =0.000 | 30 =30.000 | 4.333
7 | 16+ 10¢% — 4¢® + 4¢* — =26.690 | 0 =0.000 | 48+30¢2—12¢°+12¢*— =80.069 | 5.742
1043 30¢°
8 | 32 4+ 16¢% — 164¢° =54.627 | 0 =0.000 | 64 + 32¢% — 324° =109.255 | 6.000
Manifolds of complexity 7
Table 136: Invariants for M(S3,(2,1),(3,1),(7,—6))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | O =0.000 | 0.500
4|1 =1.000 | O =0.000 | O =0.000 | 0.250
5| 4+¢%—¢ —4.618 | 0 =0.000 | 0 —0.000 | 0.638
6|1 =1.000 | O =0.000 | O =0.000 | 0.083
710 =0.000 | O =0.000 | O =0.000 | 0.000




Table 137: Invariants for M(S3,(2,1), (4,1), (5, —4))
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r | TVo(M), TVi (M), TVo(M), TV*
311 =1.000 | -1 —1.000 | O =0.000 | 0.000
42 —2.000 | ¢ —¢® —1.414 |0 —0.000 | 0.854
502+¢2 ¢ —2618 | —2—q>+¢° —=—2618 | 0 —0.000 | 0.000
6|4 =4.000 | 4g — 2¢° =3.464 0 =0.000 | 0.622
7| 54+2¢% - 2¢° =7.494 | =5 —2¢®> +2¢° =-7.494 | 0 =0.000 | 0.000

Table 138: Invariants for M(S3,(2,1),(2,1),(7,—6)), S*/Qas
r | TVo(M), TVi(M), | TVs(M), TV*
311 =1.000 | 0 =0.000 |1 =1.000 1.000
4|2 =2.000 | 0=0.000 | O =0.000 | 0.500
5|4+¢%—¢° —4.618 | 0=0.000 | 4+ ¢% — ¢ —4618 | 1.276
6|4 =4.000 | 0=0.000 | O =0.000 | 0.333
7| 144+ 11¢2 — 53 + 5¢* — =25.492 | 0 =0.000 | 14+ 11¢® — 5¢® + 5¢* — —=25.492 | 2.742

11¢° 11¢°
Table 189: Invariants for K_;+K(~)XI, M(S%(2,1),(2,1),(2,1),(2,1))
( -2 1 )
r | TVo(M), TVi(M), | TVa(M), TV*
310 =0.000 0=0.000 | O =0.000 0.000
418 =8.000 0 =0.000 | 28 =28.000 | 9.000
5| 11+ 4¢% — 4¢3 —13.472 | 0 =0.000 | 77 + 28¢° — 284" —04.305 | 14.894
6 | 46 =46.000 | 0 =0.000 | 198 =198.000 | 20.333
7| 40+18¢ — 643 +6¢* — =59.775 | 0 =0.000 | 280 + 126¢% — 42¢% + =418.428 | 25.721
18¢° 42¢* — 126¢°
Table 140: Invariants for %
( I -1 )

r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 | 3 =3.000 2.000
4|4 =4.000 0=0.000 | 4 =4.000 2.000
5|3-¢+4° —2.382 | 0=0.000 | 9 —3¢2 + 3¢° —7.146 | 1.317
6 | 16 =16.000 | 0 =0.000 | —12 =-12.000 | 0.333
7| 4—4q® +4¢° —4¢* +4¢° =0.792 | 0 =0.000 | 12—12¢>+12¢°—12¢*+ =2.377 0.170

12¢°




Table 141: Invariants for

KXIUKXI

()
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r | TVo(M), TV (M), TV3(M), v
3|1 =1.000 —4 =—4.000 3 =3.000 0.000
418 =8.000 | —8¢ + 8¢® ——11.314 | 12 =12.000 | 2.172
5| 7+42 — 4¢3  =9.472 | —28 — 16¢2 + =-37.889 | 21+12¢2—12¢° =28.416 | 0.000
1643
6 | 30 =30.000 | —48q + 244° =—41.569 | 54 =54.000 | 3.536
7| 124+6¢>—2¢°+ =18.592 | —48 — 24¢> + =-74.367 | 36 + 18¢> — =55.775 | 0.000
2¢* — 6¢° 8q¢° —8¢*+24¢° 6¢°+6¢*—18¢°
Table 142: Invariants for %
( 2 -1 )
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 0 =0.000 | 3 =3.000 2.000
4 | 4 =4.000 0 =0.000 | O =0.000 1.000
5(1—-¢>+4° =0.382 |0 =0.000 | 3 — 3¢ + 3¢° =1.146 0.211
6 | 16 =16.000 | O =0.000 | —12 =-12.000 | 0.333
714 =4.000 0 =0.000 | 12 =12.000 0.861
Table 143: Invariants for 71(_;3”(%[ , M(RP?,(2,1),(2,3))
( -1 0 )
r | TVo(M), TVi(M), TVy (M), TV*
3|1 =1.000 0 =0.000 | 3 =3.000 2.000
4 | 4 =4.000 0 =0.000 | 12 =12.000 | 4.000
5| 742 — 243 —8.236 | 0 —0.000 | 21 + 6¢° — 643 —24.708 | 4.553
6 | 22 =22.000 | O =0.000 | 30 =30.000 | 4.333
7| 12 +2¢% — 2¢° —14.494 | 0 =0.000 | 36 + 6¢2 — 6¢° —43.482 | 3.118
Table 144: Invariants for 71(1;“{(;[
( 1 -1 )
r | TVo(M), TVi(M), TVy (M), TV*
3|1 =1.000 —4 =—4.000 3 =3.000 0.000
418 =8.000 | —8¢' + 8&¢° =-11.314 | 8 =8.000 | 1.172
51 5+3¢>—3¢° =6.854 —20 — 12¢> + =-27.416 | 15+9¢> —9¢° =20.562 | 0.000
12¢°
6 | 28 =28.000 | —32q¢" + 164° =-27.713 | 24 =24.000 | 2.024
7| 8+4¢2 —4¢° =12.988 | —32 — 16¢> + =-51.952 | 24+12¢—12¢° =38.964 | 0.000
164¢°




Table 145: Invariants for (D
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AAROTIIEL, M(S,(2,1),(2,-1), (2,1), (3, -1))

(o )

r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 | 3 =3.000 2.000
4|4 =4.000 0=0.000 | 6 =6.000 2.500
5| 10+ 3¢% — 3¢° =11.854 | 0 =0.000 | 30 + 94> — 9¢° =35.562 6.553
6 | 28 =28.000 | 0 =0.000 | 72 =72.000 8.333
7| 294142 —5¢% + 5¢* — —=44.233 | 0 =0.000 | 87+42¢2—15¢3+15¢*—~ =132.698 | 9.517
14¢° 424¢°
. 2 —_ X
Table 146: Invariants for (D ’(2’1_)’(13’ ll))UKXI, M(RP?,(2,1),(3,-1))
( -1 0 )
r | TVo(M), TV: (M), TV, (M), TV*
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | 2 =2.000 | 1.000
5| 7+2¢%—2¢° =8.236 | 0 =0.000 | 7+ 2¢® — 24° =8.236 | 2.276
6|6 =6.000 | O =0.000 | 6 =6.000 | 1.000
714 =4.000 | 0 =0.000 | 4 =4.000 | 0.430
. 2 —_ X
Table 147: Invariants for (D ’(2’1_)’(13’ 21))UKXI, M(RP?,(2,1),(3,2))
( -1 0 )
r | TVo(M), TVi (M), | TVa(M), TV*
311 =1.000 0=0.000 | 1 =1.000 1.000
4|2 =2.000 0 =0.000 | 2 =2.000 1.000
5| 8+ 4q? — 4¢3 —10.472 | 0 =0.000 | 8 + 4¢? — 4¢® —10.472 | 2.894
6|6 =6.000 0 =0.000 | 6 =6.000 1.000
7| 16+ 11¢2 — 4¢3 + 4¢* — =27.937 | 0 =0.000 | 16 + 11> — 4¢® + 4¢* — =27.937 | 3.005
114° 11¢°
, _ -
Table 148: Invariants for (D ’(2’8’(3’_11))UKXI
(1 -1 )
r | TVo(M), TVi (M), | TVa(M), TV*
311 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | 0 =0.000 | O =0.000 | 0.500
511—¢2+4° —0.382 | 0 =0.000 | 1— g%+ ¢ —0.382 | 0.106
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
713-2¢>+3¢%—3¢" +2¢° =1.841| 0=0.000 | 3 —2¢%> +3¢® —3¢* +2¢° =1.841 | 0.198




Table 149: Invariants for (D2,(2,1),(3,- 2) UK X1

(o)
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r | TVo(M), TV, (M), TV, (M), TV*
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | O =0.000 | 0.500
52— +¢ —1.382 | 0 =0.000 | 2—¢® + ¢° —1.382 | 0.382
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
71 54+2¢° — 2¢* =5.800 | O =0.000 | 5+ 2¢% — 2¢* =5.890 | 0.634
. 2 _ Z gl
Table 150: Invariants for (D ’(2’1)’(()3’ 11))UMXS
( 1 0)
r | TVo(M), TVi(M), | TVo(M), TV*
311 =1.000 | 0 =0.000 |1 =1.000 1.000
4|2 =2.000 | 0 =0.000 | 2 =2.000 1.000
5| 4+¢2—¢ —4.618 | 0=0.000 | 4+ ¢ — ¢ —4.618 | 1.276
6|6 =6.000 | 0 =0.000 | 6 =6.000 1.000
719422 +¢>—q¢*—2¢° =11.939 | 0=0.000 | 9+2¢>+¢°> —q¢* —2¢° =11.939 | 1.284
. 2 _ gl
Table 151: Invariants for (D ’(2’1);(31’ IQUMXS
( -1 1 )
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 | 3 =3.000 2.000
4|4 =4.000 0=0.000 | 6 =6.000 2.500
5| 11 +4¢ — 4¢3 =13.472 | 0 =0.000 | 33 + 12¢% — 12¢° —40.416 | 7.447
6 | 28 =28.000 | 0 =0.000 | 72 =72.000 | 8.333
7| 24412¢% — 4¢3 +4¢* — =37.184 | 0 =0.000 | 72+36¢>—12¢3+12¢*— =111.551 | 8.000
12¢° 36¢°
2 _ Tl
Table 152: Invariants for (D ’(2’1);(31’ 2)8UMXS
( -1 1 )
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 | 3 =3.000 2.000
4|4 =4.000 0=0.000 | 6 =6.000 2.500
5| 11 +4¢ — 4¢3 =13.472 | 0 =0.000 | 33 + 12¢% — 12¢° —40.416 | 7.447
6 | 28 =28.000 | 0 =0.000 | 72 =72.000 | 8.333
7 | 128 — 213¢® + 403¢® — =41.745 | 0 =0.000 | 1140—2327¢*>+4251¢°—~ =130.151 | 9.246
403¢* + 213¢° 4251¢* + 2327¢°




Table 153: Invariants for

(D?

(271)7(37_1))UM;S1

-1

b )
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-1
r | TVo(M), TVi (M), | TVa(M), TV*
311 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | 0 =0.000 | O =0.000 | 0.500
5(3—¢+¢8 —2.382 | 0 =0.000 | 3—¢® +¢° —2.382 | 0.658
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
71322+ @B —q"+2¢° =0.951|0=0.000 | 3—2¢°+¢° —q*+24°  =0.951 | 0.102
2 _ T gl
Table 154: Invariants for (D ’(2’1)1’(3’ _2)1)UMXS
(0 -1 )
r | TVo(M), TVi (M), | TVa(M), TV*
311 =1.000 | 0 =0.000 |1 =1.000 1.000
4|2 =2.000 | 0=0.000 | O =0.000 | 0.500
514+¢ —¢ —4.618 | 0 =0.000 | 4+ ¢ — ¢ —4618 | 1.276
6|4 =4.000 | 0=0.000 | O =0.000 | 0.333
7| 946g2—2¢° +2¢* —6¢° =15.592 | 0 =0.000 | 9+ 6¢% —2¢% +2¢* —6¢° =15.592 | 1.677
Table 155: Invariants for {24%, M(T?,2
(2 1 )
r | TVo(M), TV: (M), TVa(M), V™
311 =1.000 -4 =-—4.000 3 =3.000 0.000
418 =8.000 | —8q + 8¢° ——11.314 | 12 —=12.000 | 2.172
5| 7+4¢? —4¢5  =9.472 | —28 — 16¢> + =-37.889 | 21+12¢°—12¢° =28.416 | 0.000
164°
6 | 30 =30.000 | —48q + 244° =—41.569 | 54 =54.000 | 3.536
7| 124+6¢2—-2¢3+ =18.592 | —48 — 24¢® + =-74.367 | 36 + 18¢> — =55.775 | 0.000
2¢* — 6¢° 8q¢° —8¢*+24¢° 6¢°+6¢*—18¢°
Table 156: Invariants for %
( 11 )
r | TVo(M), TV (M), TV, (M), TV*
311 =1.000 -2 =-2.000 | 1 =1.000 | 0.000
4|4 =4.000 —4q + 4¢° =—5.657 | 0 =0.000 | —0.414
5(34+¢%—¢8 —3618 | —6—-2¢2+2¢% =—7236 | 3+ — ¢ —3.618 | 0.000
6|12 =12.000 | O =0.000 0 =0.000 | 1.000
710 =0.000 | 0O =0.000 0 =0.000 | 0.000




T2x1
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Table 157: Invariants for 1 o\ M(K,?2)
(—2 —1)
r | TVo(M), TVi(M), TVa (M), TV*
311 =1.000 -2 =-2.000 | 1 =1.000 | 0.000
4|4 =4.000 —4q + 4¢° =—5.657 | 0 =0.000 | —0.414
5(34+¢%—¢8 —3618 | —6-2¢2+2¢° —=-7.236 | 3+¢* — ¢ —3.618 | 0.000
6|12 =12.000 | O =0.000 0 =0.000 | 1.000
710 =0.000 | O =0.000 0 =0.000 | 0.000
Table 158: Invariants for _;2“_1
(—1 —1)
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 | 0 =0.000 =1.000 1.000
4|2 =2.000 | 0 =0.000 | -2 =-—2.000 | 0.000
502-¢+¢8 —1.382 | 0 =0.000 | 2 — ¢ + ¢ —1.382 | 0.382
6|6 =6.000 | 0 =0.000 | —6 —6.000 | 0.000
716+32—¢*+¢*—3¢> =9.296 | 0=0.000 | 6+3¢>—¢°>+¢*—3¢° =9.296 | 1.000
Table 159: Invariants for M(S3,(2,1),(2,1),(6,—1)), S3/Qas X Zs
r | TVo(M), TVi(M), TVy (M), TV*
311 =1.000 0 =0.000 | 3 =3.000 2.000
4|4 =4.000 0 =0.000 | -2 =-—2.000 | 0.500
5(34+¢%—¢8 —3618 |0 —=0.000 | 9+ 3¢ — 3¢° —10.854 | 2.000
6| 16 —16.000 | 0 —0.000 | 12 —12.000 | 2.333
7|1 —1.000 |0 —0.000 | 3 —3.000 | 0.215
Table 160: Invariants for M(S3,(2,1),(2,1),(9,—2)), S*/Qs6 X Z7
r | TVo(M), TVi(M), | TVa(M), TV*
311 =1.000 0=0.000 | 1 =1.000 | 1.000
4|2 =2.000 0=0.000 | O =0.000 | 0.500
5)2+¢%—¢ —2618 | 0=0.000 | 2+ ¢ — ¢° —2.618 | 0.724
6 | 10 =10.000 | 0 =0.000 | 6 =6.000 | 1.333
716+32—¢*+¢*—3¢°> =9.296 | 0=0.000 | 6+3¢>—¢°>+¢*—3¢> =9.296 | 1.000
Table 161: Invariants for M(S3,(2,1),(2,1), (11, —3)), S3/Dsso
r | TVo(M), TVi(M), TVa (M), TV*
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | 2 =2.000 | 1.000
5)2+¢%—¢ —2618 | 0 —0.000 | 24+ ¢ —¢® —2.618 | 0.724
6|4 =4.000 | 0 =0.000 | O =0.000 | 0.333
7| 5422 —P+¢*—24° =7.049 | 0 —0.000 | 5+2¢>—¢®+q*—2¢° =7.049 | 0.758




Table 162: Invariants for M(S3,(2,1),(2,1),(10,-3)), S*/Qu X Z7
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r | TVo(M), TV.(M), | TVa(M), TV
3|1 =1.000 | 0 =0.000 | 3 =3.000 2.000
4114 =4.000 | 0 =0.000 | -2 =-—2.000 | 0.500
5(1—-¢>+4° =0.382 | 0 =0.000 | 3 — 3¢+ 34° =1.146 | 0.211
6| 10 =10.000 | 0 =0.000 | —6 —6.000 | 0.333
71 64+32—¢®+¢" -3¢ =9.296 | 0=0.000 | 1849¢2—3¢°+3¢"—9¢° =27.888 | 2.000
Table 163: Invariants for M(S3,(2,1),(2,1),(11,—4)), S3/Qu x Zs
r | TVo(M), TV, (M), TVa (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
502442 —¢° —2618 | 0 —0.000 | 2+¢% — ¢ —2.618 | 0.724
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
7| 6+3¢2—¢®+¢*—3¢° =9.296 | 0 =0.000 | 6+3¢°—¢®+¢*—3¢> =9.296 | 1.000
Table 164: Invariants for M(S3,(2,1),(2,1), (13,-5)), S*/Dys
r | TVo(M), TV, (M), TVa (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5|5+2¢%—2¢° =6.236 | 0 =0.000 | 5+ 2¢* — 2¢® =6.236 | 1.724
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
71242 —¢ —3.247 | 0 —0.000 | 24 ¢% — ¢ —3.247 | 0.349
Table 165: Invariants for M(S3,(2,1),(2,1),(12,-5)), S3/Qus X Z;
r | TVo(M), TV (M), TV5(M), Trv:
3|1 =1.000 | -2 =—2.000 |1 =1.000 | 0.000
4114 =4.000 |0 =0.000 2 =2.000 | 1.500
5(5+22—2¢° =6.236 | —10—42+4¢® =—12.472 | 5422 —2¢°  =6.236 | 0.000
6| 16 =16.000 | —32q + 16¢° =-27.713 | 12 =12.000 | 0.024
716432 —®+ =9.206 | —12 — 6¢> + ——18.592 | 6+3¢> —¢®+ =9.206 | 0.000
q4 _ 3q5 2(]3 _ 2(]4 +6q5 q4 _ 3q5
Table 166: Invariants for M(S3,(2,1),(2,1), (9, —4)), S3/Qs¢ X Zs
r | TVo(M), TVi(M)y | TVa(M), Tv-
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0=0.000 | O =0.000 | 0.500
53+ —¢° —3.618 | 0=0.000 | 3+q2—¢° —3.618 | 1.000
6| 10 =10.000 | 0 =0.000 | 6 =6.000 | 1.333
7| 1146¢>—3¢3+3¢*—6¢° =17.147 | 0 =0.000 | 114+6¢> -3¢ +3¢*—6¢° =17.147 | 1.845




Table 167: Invariants for M(S?,(2,1),(2,1),(9,-5)), S®/Diu
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r | TVo(M), TVi(M)y | TVa(M), v~
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
51 =1.000 | 0 =0.000 | 1 =1.000 | 0.276
6| 10 =10.000 | 0 =0.000 | 6 =6.000 | 1.333
7| 124+7¢>—2¢°+2¢*—7¢° =19.839 | 0 =0.000 | 12+7¢>—2¢°+2¢*—7¢°> =19.839 | 2.134
Table 168: Invariants for M(S3,(2,1),(2,1),(12,-7)), S3/Qus x Zs
r | TVo(M), TV (M), TV5(M), Trv:
3|1 =1.000 | -2 =—2.000 |1 =1.000 | 0.000
4114 =4.000 |0 =0.000 2 =2.000 | 1.500
5(3+q2—g° 3618 | —6-202+2¢° =—7236 | 3+¢ —¢ —3.618 | 0.000
6| 16 =16.000 | —32q + 16¢° =-27.713 | 12 =12.000 | 0.024
7| 114642—3¢°+ =17.147 | —22 — 12¢> + =—-34.294 | 114+64—3¢*+ =17.147 | 0.000
3¢* — 6¢° 6¢° —6¢*+12¢° 3¢* — 6¢°
Table 169: Invariants for M(S3,(2,1),(2,1),(13,-8)), S3/Qs2 X Zs
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
5(3+q2—g8 —3.618 | 0 —0.000 | 3+¢2 — ¢ —3.618 | 1.000
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
701 =1.000 | 0 =0.000 | 1 =1.000 | 0.108
Table 170: Invariants for M(S3,(2,1),(2,1), (11,-7)), S*/Dzs
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
412 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
51 =1.000 | 0 =0.000 | 1 =1.000 | 0.276
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
7| 5+2¢%-2¢° =7.494 | 0 =0.000 | 5+ 2¢® — 2¢° =7.494 | 0.806
Table 171: Invariants for M(S3,(2,1),(2,1),(10,-=7)), S3/Q4 X Z3
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 3 =3.000 2.000
4114 =4.000 |0 =0.000 | -2 =-—2.000 | 0.500
5(1—-¢>+4° =0.382 |0 =0.000 | 3 — 3¢+ 3¢° =1.146 0.211
6 | 12 =12.000 | O =0.000 | —12 =-—12.000 | 0.000
7| 5+2¢%-2¢° =7.494 |0 =0.000 | 15+ 6¢> — 64¢° =22.482 1.612




Table 172: Invariants for M(S3,(2,1),(2,1), (11, —8)), S*/Qus X Z3
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r | TVo(M), TV (M), TVa(M), TV
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | 0 =0.000 | 0.500
5(2+¢2—g8 —2.618 | 0 —0.000 | 242 — 8 —2.618 | 0.724
6|6 =6.000 | O =0.000 | 6 =6.000 | 1.000
71 5+2¢%—2¢° =7.494 | 0 =0.000 | 54+ 2¢®> — 2¢° =7.494 | 0.806
Table 173: Invariants for M(S3,(2,1),(2,1),(9,-7)), S*/Dra
r | TVo(M), TV (M), TVa(M), TV
311 =1.000 | O =0.000 | 1 =1.000 | 1.000
4|2 =2.000 | O =0.000 | 0 =0.000 | 0.500
5(2+¢2—g8 —2.618 | 0 —0.000 | 242 — 8 —2.618 | 0.724
6|6 =6.000 | O =0.000 | 6 =6.000 | 1.000
71 5+2¢%—2¢° =7.494 | 0 =0.000 | 54+ 2¢®> — 2¢° =7.494 | 0.806
Table 174: Invariants for S3/Qs X Zg
r | TVo(M), TVi(M), | TVa(M), TV
311 =1.000 0 =0.000 | 3 =3.000 2.000
4|4 =4.000 0=0.000 |6 =6.000 2.500
5| 44q2—g8 —4.618 | 0=0.000 | 12 + 3¢> — 3¢° —13.854 | 2.553
6|12 =12.000 | 0 =0.000 | 36 =36.000 | 4.000
7 | 11+6¢2—3¢°+3¢*—6¢° —=17.147 | 0 =0.000 | 33 + 18¢2 — 9¢° + 9¢* — =51.440 | 3.689
18¢°
Table 175: Invariants for M(S3,(2,1),(3,2), (5,—1)), S?/Piag X Zag
r TVO(M)q TV (M)q TV, (M)q TV*
311 =1.000 | O =0.000 | 0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(3+¢%—¢° —3.618 | 0 —0.000 | 0 —0.000 | 0.500
6|1 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| 6—2¢% +6¢° — 6¢* + 2¢° —6.176 | 0 —0.000 | 0 —0.000 | 0.332
Table 176: Invariants for M(S3,(2,1),(3,2),(7,—2))
r TVO(M)q TV (M)q TV, (M)q TV*
311 =1.000 | O =0.000 | 0 =0.000 | 0.500
4|1 =1.000 | O =0.000 | 0 =0.000 | 0.250
513 =3.000 | O =0.000 | 0 =0.000 | 0.415
6|1 =1.000 | O =0.000 | 0 =0.000 | 0.083
7 | —2¢% + 8¢° — 8¢* + 2¢° —1.066 | 0 —0.000 | 0 —0.000 | 0.057




Table 177: Invariants for M(S3,(2,1),(3,2), (8, —3))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
513 =3.000 | O =0.000 | 0 =0.000 | 0.415
6|5 =5.000 | O =0.000 | 0 =0.000 | 0.417
71 1-2¢2+7¢5 — 7¢" + 26 —1.621 | 0 —0.000 | 0 —0.000 | 0.087
Table 178: Invariants for M(S3,(2,1),(3,2),(7,-3))
r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|2 =2.000 | O =0.000 | 0 =0.000 | 0.276
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| 4-3¢%+6¢° - 6¢* + 3¢° =2.929 | 0 =0.000 | 0 =0.000 | 0.158
Table 179: Invariants for M(S3,(2,1),(3,2),(7,—4))
r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
52442 ¢ —2618 | 0 —0.000 | 0 —0.000 | 0.362
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7| 4-3¢%+6¢° - 6¢* + 3¢° =2.929 | 0 =0.000 | 0 =0.000 | 0.158
Table 180: Invariants for M(S3,(2,1),(3,2), (8, —5))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
54 =4.000 | O =0.000 | 0 =0.000 | 0.553
6|7 =7.000 | O =0.000 | 0 =0.000 | 0.583
7 | 8¢° — 8¢* =3.560 | O =0.000 | 0 =0.000 | 0.192
Table 181: Invariants for M(S3,(2,1),(3,2),(7,—5))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
54 =4.000 | O =0.000 | 0 =0.000 | 0.553
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| —2¢% +8¢% — 8¢" + 2¢° —1.066 | 0 —0.000 | 0 —0.000 | 0.057




Table 182: Invariants for M(S3,(2,1),(3,2), (5, —4)), S®/Piay X Z11
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(3+¢%—¢° —3.618 | 0 —0.000 | 0 —0.000 | 0.500
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7|6—3¢+7¢—7¢* +3¢° =5374 |0 =0.000 | 0 =0.000 | 0.289
Table 183: Invariants for S3/Qu2 X Z11
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
42 =2.000 |0 =0.000 | O =0.000 | 0.500
5| 4+q2—g8 —4618 |0 —0.000 | 4+ ¢ — ¢ —4.618 | 1.276
6| 10 =10.000 | O =0.000 | 6 =6.000 | 1.333
7| 5+2¢%-2¢° =7494 |0 =0.000 | 5+ 2¢® — 2¢° =7.494 | 0.806
Table 184: Invariants for M(S3,(2,1),(3,1), (5,—1)), S*/Piay X Z1g
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5| 54+3¢%—3¢° =6.854 | 0 =0.000 | 0 =0.000 | 0.947
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| 5+2¢%-2¢° =7.494 | 0 =0.000 | 0 =0.000 | 0.403
Table 185: Invariants for M(S3,(2,1),(3,1),(7,—2))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|5+2¢%—2¢° =6.236 | O =0.000 | 0 =0.000 | 0.862
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
71— 4248 —2¢" + ¢ —0.643 | 0 —0.000 | 0 —0.000 | 0.035
Table 186: Invariants for M(S3,(2,1),(3,1),(8,—3))
r | TVo(M), TV (M), TVa(M), Trv:
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
412 =2.000 | —q+¢* =-1414 | 0 =0.000 | 0.146
5| 5+ 242 — 2¢° —6.236 | —5—2¢ +24%°  —=—-6.236 | 0 —0.000 | 0.000
6| 10 =10.000 | O =0.000 0 =0.000 | 0.833
710 =0.000 | O =0.000 0 =0.000 | 0.000




Table 187: Invariants for M(S3,(2,1),(3,1),(7,-3))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|5+2¢%—2¢° =6.236 | O =0.000 | 0 =0.000 | 0.862
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
72— +qt —1.555 | 0 —0.000 | 0 —0.000 | 0.084
Table 188: Invariants for M(S3,(2,1),(3,1),(7,—4))
r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5| d4+q2— ¢ —4618 | 0 —0.000 | 0 —0.000 | 0.638
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
72— +qt —1.555 | 0 —0.000 | 0 —0.000 | 0.084
Table 189: Invariants for M(S3,(2,1),(3,1),(8,—5))
r | TVo(M), TV (M), TVa(M), TV
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
412 =2.000 | —q¢+¢* =-1.414 | 0 =0.000 | 0.146
5]3+¢%— ¢ —3618 | —3— ¢ +¢° ——3618 | 0 —0.000 | 0.000
6| 10 =10.000 | O =0.000 0 =0.000 | 0.833
72442 ¢ 3247 | —2— @ +¢ ——3247 | 0 —0.000 | 0.000
Table 190: Invariants for M(S3,(2,1),(3,1),(7,—5))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(3+¢%—¢° —3.618 | 0 —0.000 | 0 —0.000 | 0.500
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
71— 4248 —2¢" + ¢ —0.643 | 0 —0.000 | 0 —0.000 | 0.035
Table 191: Invariants for S3/Dayy X Zs
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
54 =4.000 | O =0.000 | 0 =0.000 | 0.553
6|4 =4.000 | O =0.000 | 0 =0.000 | 0.333
7| 5-2¢° +8¢° — 84" + 2¢° —6.066 | 0 —0.000 | 0 —0.000 | 0.326




Table 192: Invariants for M(S3,(2,1),(2,1),(5,4)), S*/Qa0 X Zg
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r | TVo(M), TVi(M), | TVa(M), TV
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0=0.000 | O =0.000 | 0.500
5| 54+3¢%—3¢° =6.854 | 0 =0.000 | 5+ 3¢% —3¢° =6.854 | 1.894
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| 1146¢>—3¢3+3¢*—6¢° =17.147 | 0 =0.000 | 114+6¢> -3¢ +3¢*—6¢° =17.147 | 1.845
Table 193: Invariants for M(S3,(2,1),(2,1),(7,5)), S3/ D112 X Z3
r | TVo(M), TV (M), TVa(M), TV
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5|5+2¢%—2¢° =6.236 | 0 =0.000 | 5+ 2¢® — 2¢3 =6.236 | 1.724
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| 2—2+3¢43—3¢*+4° =2.088 | 0 —0.000 | 2—¢?+3¢°—3¢*+¢° =2.088 | 0.225
Table 194: Invariants for M(S3,(2,1),(2,1),(8,5)), S3/Qs2 X Z13
r | TVo(M), TV (M), TVa(M), TV
3|1 =1.000 | -2 =-2.000 |1 =1.000 | 0.000
4114 =4.000 | —4q+4¢° =—5.657 | 2 =2.000 | 0.086
5| 5+22—2¢  =6236 | —10—4g2+4¢° =—12472 | 5+2 -2  =6.236 | 0.000
6| 10 =10.000 | —8q¢ + 4¢° =—6.928 | 6 =6.000 | 0.756
72442 ¢ 3247 | —4—2¢* +24° ——6494 | 2+ — g —3.247 | 0.000
Table 195: Invariants for M(S3,(2,1),(2,1),(7,4)), S3/Qaes X Z11
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
5| 4+q2—g8 —4.618 | 0 —0.000 | 4+ ¢% — ¢ —4.618 | 1.276
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
72— —PF4q*+¢ =0308 | 0 —0.000 | 2—¢®—®+q*+¢° =0.308 | 0.033
Table 196: Invariants for M(S3,(2,1),(2,1),(7,3)), S®/Dss X Zs
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5(3+q2—g8 —3.618 | 0 —0.000 | 3+¢2— ¢ —3.618 | 1.000
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
7T12-¢*-+¢*+¢* =0308 |0 =0.000 | 2—¢> - +¢*+¢° =0.308 | 0.033




Table 197: Invariants for M(S?,(2,1),(2,1),(8,3)), S*/Q32 X Zn

138

r | TVo(M), TV (M), TVa(M), TV
3|1 =1.000 -2 =-2.000 |1 =1.000 | 0.000
4114 =4.000 —4q + 4¢3 =-5.657 | 2 =2.000 | 0.086
5| d4+4q2—¢d —4618 | —-8—2¢* +24° —=-9236 | d+q%—g° —4.618 | 0.000
6| 10 =10.000 | —8q¢ + 4¢° =—6.928 |6 =6.000 | 0.756
713+22 — @+ =5.049 | —6—42+285— =—10.098 | 3+2¢% — ¢* + =5.049 | 0.000
q4 _ 2q5 2q4 + 4q5 q4 _ 2q5

Table 198: Invariants for M(S3,(2,1),(2,1),(7,2)), S?/Qas X Zy
r | TVo(M), TVi(M), TVa (M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 | O =0.000 | 0 =0.000 | 0.500
5|44+¢-¢° =4.618 | 0 =0.000 | 4+ ¢* — ¢ =4.618 | 1.276
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| 2—2+3¢ —3¢"+¢ =2.088 | 0 —0.000 | 2—¢2+3¢°—3q"+¢° =2.088 | 0.225

Table 199: Invariants for M(S3,(2,1),(2,1),(5,1)), S®/Dyy X Z3
r | TVo(M), TVi(M), TVa (M), TV*
3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 | O =0.000 | 2 =2.000 | 1.000
5| 5+ 342 — 3¢° —6.854 | 0 —0.000 | 5+ 3¢2 — 3¢° —6.854 | 1.804
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| 74242 - 2¢ —9.494 | 0 —0.000 | 7 + 242 — 2¢° —9.494 | 1.021

Table 200: Invariants for M(S3,(2,1), (4,3), (4,—1))
r | TVo(M), TV (M), TV5(M), Trv-
3|1 =1.000 | -2 =-2.000 1 =1.000 | 0.000
4114 =4.000 |0 =0.000 0 =0.000 1.000
52442 ¢ —2618 | —4—22+2¢° =-5236 | 24¢%—¢° —2.618 | 0.000
6| 10 =10.000 | —8q¢ + 4¢° =—6928 | 6 =6.000 | 0.756
7| 64+42 245+ =10.098 | —12 — 8¢ + =-20.196 | 6+4¢> — 245+ =10.098 | 0.000

2¢* — 4¢° 4% — 4¢" + 8¢° 2¢* — 4¢°

Table 201: Invariants for M(S3,(2,1), (4,3), (5, —2))
r | TVo(M), Vi (M), TVa(M), | TV*
3|1 =1.000 -1 =—1.000 | 0 =0.000 | 0.000
42 —2000 | ¢—g¢° —1.414 | 0=0.000 | 0.854
5|1 =1.000 -1 =—1.000 | 0 =0.000 | 0.000
6|4 =4.000 —4q + 2¢° =-3.464 | 0 =0.000 | 0.045
7| 845¢2—2¢3+2¢* —5¢° =13.345 | -8 — 5g® +2¢° — 2¢* + =—13.345 | 0 =0.000 | 0.000

5¢°




Table 202: Invariants for M(S3,(2,1), (4, 3), (5, —3))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
412 =2.000 | —q¢ +¢° =-1.414 | 0 =0.000 | 0.146
5|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
6|4 =4.000 | 4q9 — 2¢° =3.464 0 =0.000 | 0.622
7| 5+2¢%-2¢° =7.494 | =5 —2¢%> +2¢° =-7.494 | 0 =0.000 | 0.000
Table 203: Invariants for M(S3,(2,1), (4, 3), (4, —3))
r | TVo(M), TVi (M), TVa(M), TV*
3|1 =1.000 | -2 =-2.000 | 1 =1.000 0.000
4114 =4.000 | O =0.000 0 =0.000 1.000
5|1 =1.000 | -2 =-2.000 | 1 =1.000 0.000
6| 10 =10.000 | O =0.000 —6 =—6.000 | 0.333
712 =2.000 | —4 =-—4.000 | 2 =2.000 0.000
Table 204: Invariants for M(S3,(2,1),(5,3), (5, —2))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5| 2—q2+¢° ~1.382 | 0 —0.000 | 0 —0.000 | 0.191
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
716+3¢-¢+q¢* -3¢ =9.296 | O =0.000 | 0 =0.000 | 0.500
Table 205: Invariants for M(S3,(2,1),(5,3), (5, —3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5| 2—q2+¢° ~1.382 | 0 —0.000 | 0 —0.000 | 0.191
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| 7T+2¢%-2¢° =9.494 | 0 =0.000 | 0 =0.000 | 0.511
Table 206: Invariants for M(S3,(2,1),(5,3), (4, —3))
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =-—1.000 | 0 =0.000 | 0.000
42 —2.000 | ¢ —¢° —1.414 | 0=0.000 | 0.854
5|1 =1.000 | -1 =-—1.000 | 0 =0.000 | 0.000
6|4 =4.000 | —4q + 2¢° =-3.464 | 0 =0.000 | 0.045
7164+3°2—¢+¢* -3¢ =9.296 | 6-3¢>+¢*—q¢*+3¢° =-9.296 | 0 =0.000 | 0.000




Table 207: Invariants for M(S3,(2,1), (5,2), (5, —3))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(2-q2+q° —1.382 |0 —0.000 | 0 —0.000 | 0.191
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7 | 11 +6¢% — 3¢® + 3¢* — 6¢° =17.147 | 0 =0.000 | 0 =0.000 | 0.922
Table 208: Invariants for M(S3,(2,1), (5,2), (4, -3))
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =—1.000 | 0 =0.000 | 0.000
42 —2.000 | —q+¢° ——1.414 | 0=0.000 | 0.146
51 =1.000 | -1 =—1.000 | 0 =0.000 | 0.000
6|6 =6.000 | O =0.000 0 =0.000 | 0.500
7| 84542 —2¢°+2¢" —5¢° —=13.345 | —8—5q?+2¢5—2¢*+5¢° —=—13.345 | 0 =0.000 | 0.000
Table 209: Invariants for M(S3,(2,1),(2,1), (4,7))
r | TVo(M), TV (M), TVa(M), Trv:
3|1 =1.000 | -2 =-2.000 |1 =1.000 | 0.000
414 =4.000 |0 =0.000 2 =2.000 | 1.500
51 =1.000 | -2 —2.000 |1 =1.000 | 0.000
6| 10 =10.000 | 8¢q — 44° =6.928 6 =6.000 | 1.911
7| 54242 -2  =7.494 | —10—4q? +4¢4° =——14.988 | 5+2¢2 — 245  —=7.494 | 0.000
Table 210: Invariants for M(S3,(2,1),(2,1), (5,8))
r | TVo(M), TVi (M), TVy (M), TV*
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0 =0.000 | 0 =0.000 | 0.500
5(1—q2+q° —0.382 | 0 —0.000 | 1— g2+ ¢ —0.382 | 0.106
6|4 =4.000 | 0 =0.000 | 0 =0.000 | 0.333
7| 74242 - 2¢° —9.494 | 0 —0.000 | 7+ 2¢2 — 2¢° —9.494 | 1.021
Table 211: Invariants for M(S3,(2,1),(2,1),(5,7))
r | TVo(M), TVi(M)y | TVa(M), v~
3|1 =1.000 | 0 =0.000 | 1 =1.000 | 1.000
42 =2.000 | 0 =0.000 | 2 =2.000 | 1.000
5(1—q2+q° —0.382 | 0=0.000 | 1—¢*+¢° —0.382 | 0.106
6|6 =6.000 | 0 =0.000 | 6 =6.000 | 1.000
7| 114+6¢°—3¢°+3¢* —6¢° =17.147 | 0 =0.000 | 11+6¢®>—3¢>+3¢* —6¢° =17.147 | 1.845




Table 212: Invariants for M(S3,(2,1),(2,1), (4,5))
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r | TVo(M), TV (M), TV5(M), Trv:
3|1 =1.000 | -2 =—2.000 |1 =1.000 | 0.000
414 =4.000 |0 =0.000 2 =2.000 | 1.500
51 =1.000 | -2 =—2.000 |1 =1.000 | 0.000
6| 12 =12.000 | O =0.000 12 =12.000 | 2.000
7| 845¢7— 243+ =13.345 | —16 — 10¢> + =—26.690 | 8+5¢% —2¢° + =13.345 | 0.000
2¢* — 5¢° 4¢° —4¢*+104° 2¢* - 5¢°
Table 213: Invariants for M(S3,(3,2),(3,2), (4, —1))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
51 =1.000 | O =0.000 | 0 =0.000 | 0.138
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
71 946¢® —2¢° +2¢* — 6¢° =15.592 | 0 =0.000 | 0 =0.000 | 0.839
Table 214: Invariants for M(S3,(3,2),(3,2), (5, —2))
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =-—1.000 | 0 =0.000 | 0.000
42 —2.000 | ¢ —¢° —1.414 | 0=0.000 | 0.854
5(1—q2+q° —0.382 | 1+ ¢ — ¢ —0.382 | 0 =0.000 | 0.000
6|6 =6.000 | 0 =0.000 0 =0.000 | 0.500
716+32—¢®+¢* -3¢ =9.296| —6-3¢>+¢°—¢*+3¢° =-9.296 | 0 =0.000 | 0.000
Table 215: Invariants for M(S3,(3,2),(3,2), (5, —3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(1—q2+g° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
712 =2.000 | O =0.000 | 0 =0.000 | 0.108
Table 216: Invariants for M(S3,(3,2),(3,2), (4, —3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
51 =1.000 | O =0.000 | 0 =0.000 | 0.138
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
710 =0.000 | O =0.000 | 0 =0.000 | 0.000




Table 217: Invariants for M(S3,(3,2),(3,1), (4, —1))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(2+q2—g8 —2618 | 0 —0.000 | 0 —0.000 | 0.362
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7134 — gt —3.445 | 0 —0.000 | 0 —0.000 | 0.185
Table 218: Invariants for M(S3,(3,2),(3,1), (5, —2))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
51— +¢ —0.382 | 0 —0.000 | 0 —0.000 | 0.053
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7| 4+2¢%-2¢° =6.494 | O =0.000 | 0 =0.000 | 0.349
Table 219: Invariants for M(S3,(3,2),(3,1), (5, —3))
r | TVo(M), TV, (M), TVa(M), | TV*
3|1 =1.000 | -1 =—1.000 | 0 =0.000 | 0.000
42 —2.000 | —q+¢° ——1414 | 0=0.000 | 0.146
5| 1—q+¢ 0382 | —1+¢%— ¢ ——0.382 | 0=0.000 | 0.000
6|6 =6.000 | O =0.000 0 =0.000 | 0.500
7| 64+442—2¢° +2¢" — 445 —=10.098 | —6—4¢2+2¢3—2¢"+4¢° =—10.098 | 0 =0.000 | 0.000
Table 220: Invariants for M(S3,(3,2),(3,1), (4, -3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
51 =1.000 | O =0.000 | 0 =0.000 | 0.138
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7| 6+43¢% —2¢° +2¢* — 3¢° =8.851 | O =0.000 | 0 =0.000 | 0.476
Table 221: Invariants for M(S3,(3,1),(3,1), (4,—1))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|3+¢2—¢ —3.618 | 0 —0.000 | 0 —0.000 | 0.500
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
71344 -t —3.445 | 0 —0.000 | 0 —0.000 | 0.185




Table 222: Invariants for M(S3,(3,1),(3,1), (5, —2))
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 1 =1.000 1.000
42 =2.000 | O =0.000 | 0 =0.000 0.500
5(1—q2+q° —0.382 | 0 —0.000 | 1— g2+ ¢ —0.382 | 0.106
6|6 =6.000 | O =0.000 | —6 =—6.000 | 0.000
712 =2.000 | O =0.000 | 2 =2.000 0.215
Table 223: Invariants for M(S3,(3,1),(3,1), (5, —3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(1—q2+g° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
7 | 6+ 4q? — 2¢° + 2¢* — 4g° —10.098 | 0 —0.000 | 0 —0.000 | 0.543
Table 224: Invariants for M(S3,(3,1),(3,1), (4,-3))
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(2+q2—g8 —2618 |0 —0.000 | 0 —0.000 | 0.362
6|3 =3.000 | O =0.000 | 0 =0.000 | 0.250
71 946¢® —2¢° +2¢* — 6¢° =15.592 | 0 =0.000 | 0 =0.000 | 0.839
Table 225: Invariants for M(S3,(2,1), (3,2), (4,3)), S3/Pig X Zo3
r | TVo(M), Vi (M), TVa(M), | TV*
3|1 =1.000 | -1 =—1.000 | 0 =0.000 | 0.000
42 —2000 | ¢—g¢° —1.414 | 0=0.000 | 0.854
51 =1.000 | -1 =—1.000 | 0 =0.000 | 0.000
6| 10 =10.000 | O =0.000 0 =0.000 | 0.833
7| 6+4g2— 23 +2¢" — 445 =10.008 | —6—4¢2+2¢°—2¢" +4¢° =—10.098 | 0 =0.000 | 0.000
Table 226: Invariants for M(S3,(2,1),(3,2),(5,3)), S®/Pia X Zs3
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5(1—q2+g° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7154+2¢°—¢®+¢*—2¢° =7.049 | 0 =0.000 | 0 =0.000 | 0.379




Table 227: Invariants for M(S?,(2,1),(3,2),(5,2)), S*/ P2 X Zs7
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r | TVo(M), TV, (M), TVa(M), TV
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 1—q2+¢° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7154+2¢%-2¢° =7.494 | 0 =0.000 | 0 =0.000 | 0.403
Table 228: Invariants for M(S3,(2,1),(3,2), (4,1)), S®/Pis X Zi7
r | TVo(M), TV (M), TVa(M), TV
3|1 =1.000 | -1 =—1.000 | O =0.000 | 0.000
42 =2.000 |[qg—¢° =1.414 0 =0.000 | 0.854
51 =1.000 | -1 =—1.000 | O =0.000 | 0.000
6| 10 =10.000 | O =0.000 0 =0.000 | 0.833
7| 4422 —2¢ —6.494 | —4 — 2% + 24° ——6.494 | 0 —0.000 | 0.000
Table 229: Invariants for M(S3,(2,1), (3,1),(4,3)), S3/Pis x Z1g
r | TVo(M), TV, (M), TVa(M), | TV
3|1 =1.000 | -1 =-1.000 | 0 =0.000 | 0.000
42 —2.000 | —q+¢° ——1414 | 0=0.000 | 0.146
52442 —¢8 —2618 | —2—¢% +¢° —_2618 | 0=0.000 | 0.000
6| 10 =10.000 | 0 =(.000 0 =0.000 | 0.833
7 | 6+42—2¢3+2¢" —4¢° =10.098 | —6—4¢2+2¢°—2¢* +44° —=—10.098 | 0 =0.000 | 0.000
Table 230: Invariants for M(S3,(2,1),(3,1),(5,3)), S®/Piap X Zu3
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 1—q2+¢° —0.382 |0 —0.000 | 0 —0.000 | 0.053
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7 | 845¢® — 2¢° + 2¢* — 5¢° =13.345 | 0 =0.000 | 0 =0.000 | 0.718
Table 231: Invariants for M(S3,(2,1),(3,1),(5,2)), S®/Pi X Z37
r | TVo(M), TVi(M), TVa(M), TV*
3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5] 1—q2+¢° —0.382 | 0 —0.000 | 0 —0.000 | 0.053
61 =1.000 | O =0.000 | 0 =0.000 | 0.083
7| 5424 - 2¢° —7.494 | 0 —0.000 | 0 —0.000 | 0.403




Table 232: Invariants for M(S?,(2,1),(3,1),(4,1)), S*/Pig x Z13
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r | TVo(M), TV, (M), TVa(M), TV
311 =1.000 -1 =-1.000 | O =0.000 | 0.000
42 —2.000 |q-¢° —1414 |0 —0.000 | 0.854
5|1 =1.000 -1 =-1.000 | O =0.000 | 0.000
6 | 10 =10.000 | O =0.000 0 =0.000 | 0.833
7| 4424224 —6.494 | —4—-2¢2 4245 ——6.494 | 0 —0.000 | 0.000
Table 233: Invariants for M(S3,(2,1),(3,2), (3,5)), S®/Pay X Zi7
r | TVo(M), TV, (M), TVa(M), TV
311 =1.000 | O =0.000 |0 =0.000 | 0.500
4|1 =1.000 | O =0.000 |0 =0.000 | 0.250
5| 4+q2—g8 —4.618 | 0 —0.000 | 0 —0.000 | 0.638
6|3 =3.000 | O =0.000 |0 =0.000 | 0.250
712 =2.000 |0 =0.000 |0 =0.000 | 0.108
Table 234: Invariants for S3 /P X Zs
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 0 =0.000 |0 =0.000 | 0.500
4|1 =1.000 0 =0.000 |0 =0.000 | 0.250
5(3+q2—g8 —3618 |0 —0.000 | 0 —0.000 | 0.500
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
7 | 6+ 4q? — 2¢° + 2¢* — 4g° —10.098 | 0 —0.000 | 0 —0.000 | 0.543
Table 235: Invariants for S3/Pay X Z13
r | TVo(M), TVi(M), TVa(M), TV*
311 =1.000 0 =0.000 |0 =0.000 | 0.500
4|1 =1.000 0 =0.000 |0 =0.000 | 0.250
5| 4+q2—g8 —4.618 |0 —0.000 | 0 —0.000 | 0.638
6|3 =3.000 0 =0.000 |0 =0.000 | 0.250
7 | 6+ 4q? — 2¢° + 2¢* — 4g° —10.098 | 0 —0.000 | 0 —0.000 | 0.543
Table 236: Invariants for M(S3,(3,2),(3,2),(3,2))
r | TVo(M), TVi(M), TV (M), | TV™
311 =1.000 -1 =-1.000 0 =0.000 | 0.000
42 —2000 | q-g° —1.414 | 0=0.000 | 0.854
5| 4+q2—g8 —4618 | —4—q* + ¢ ——4618 | 0=0.000 | 0.000
6|12 =12.000 | —12q + 64° =-10.392 | 0 =0.000 | 0.134
71 6+3¢—2¢°+2¢*—3¢° =8851 | —6—3¢>+2¢° —2¢*+ =-8.851 | 0=0.000 | 0.000
3¢°




Table 237: Invariants for M(S3,(3,2),(3,2), (3,1))
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r | TVo(M), TV, (M), TVa(M), TV

3|1 =1.000 | O =0.000 | O =0.000 | 0.500
411 =1.000 | O =0.000 | O =0.000 | 0.250
5|13+¢—-¢° =3.618 | 0 =0.000 | O =0.000 | 0.500
6|9 =9.000 | O =0.000 | O =0.000 | 0.750
7] 9+6¢>—2¢°+2¢4"— =15.592 | 0 —0.000 | 0 —0.000 | 0.839

6¢°
Table 238: Invariants for M(S3,(3,2),(3,1),(3,1))

r | TVo(M), TVi(M), TVa(M), TV*

3|1 =1.000 | O =0.000 | 1 =1.000 | 1.000
412 =2.000 |0 =0.000 | O =0.000 | 0.500
5| 4+q2—g8 —4618 |0 —0.000 | 4+ ¢ — ¢ —4.618 | 1.276
6 | 12 =12.000 | O =0.000 | O =0.000 | 1.000
713+¢-¢* =3445 |0 =0.000 | 34+ 4% —¢* =3.445 | 0.371

Table 239: Invariants for M(S3,(3,1),(3,1),(3,1))

r | TVo(M), TVi(M), TVa(M), TV*

3|1 =1.000 | O =0.000 | 0 =0.000 | 0.500
411 =1.000 | O =0.000 | 0 =0.000 | 0.250
5|5+2¢%—2¢° =6.236 | O =0.000 | 0 =0.000 | 0.862
6|9 =9.000 | O =0.000 | 0 =0.000 | 0.750
71344 ¢t —3.445 | 0 —0.000 | 0 —0.000 | 0.185




APPENDIX C
LINKING PAIRING FROM THE LINKING MATRIX OF
RATIONAL DEHN SURGERY.

Linking pairing (see Section 4.4) is an important homological invariant. It keeps
much more topological information then the first homology group alone. It is well
known that if M is a rational homology 3-sphere obtained by Dehn surgery on an
(integer) framed oriented link L with a linking matrix A, then the linking pairing
L can be presented by the matrix —A~" (see, for instance, [GL]). The well known
proofs are based on consideration of the 4-manifold obtained by attaching 2-handles
to B* along L C S® = 0B* according to the given framings. Thus, these proofs can
not be naturally extended to rational surgery descriptions of 3-manifolds. In this
appendix we generalize this result to rational surgery presentations of M. Our proof
is elementary and is based on a few simple facts from linear algebra.

Let L be an oriented link in S® with n components. We will say that L is a
rational framed link if every component K; of L is equipped with a rational number
B, with p;,q; € Z. Let V; be a small tubular neighborhood of K; € S3 such that
V;NV; =0 for i # j. Let m; € OV be a meridian of V; and [; € 9V} be a longitude
(i.e., a curve in dV; homologically trivial in S* — V;). Orient [; with respect to the
orientation of Kj;, and orient m; so that the orientation of the pair (m;, K;) is positive.
By rational Dehn surgery on the link L we mean the 3-manifold M obtained in the
following way: remove the interiors of the tori Vi,...,V, from S® and attach n 2-
handles Dy x I,...D,, x I, where I = [0,1], such that 0D; C dV;, alg(dD;, ;) = p;,
and alg(dD;,m;) = g;, and after that glue in n 3-handles B® (see [Ro] for more
details). In particular, [0D;] = p;[m;] + ¢[l;] in H;(M). Note that if all ¢;’s are equal
to £1, then we get an integer Dehn surgery (cf. Chapter 2).

The linking matrix B = (b;j)nxn associated to L is defined as follows. The off-

diagonal entries are the linking numbers b;; = lk(Kj;, K;), while the diagonal entries
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are the surgery coefficients b; = fl’—:. Let @ be the diagonal matrix Q@ = (¢1) ® ... &
(¢,). Then the integer matrix B = QB is the presentation matrix for H,(M) in the

generators [m1], ..., [my,] (see, for instance, [Ho)).

THEOREM C.1. Let M be a rational homology 3-sphere, then the linking pairing form
of M in the generators [mi],...,[m,] € H\ (M) 1is given by the matriz A™ = —B~'.
Proor. For every component K; of L fix a Seifert surface 5j, i.e., an oriented surface
embedded into S® — K; with 8S; = K,. For every i = 1,...,n define a 2-cycle
B; € Co(M) by

Bi=(-Dj)Ug (Si — (SN (0 Va))) :

where —D; means the 2-cycle defined by D; but with the opposite orientation, that

is with the orientation opposite to the orientation of /;. It is easy to check that

0Bi] = —pilmi] — @ > 1k(K;, K;)[m;]
i#i

in H;(M). In other words, every B; represents a relation in H;(M) defined by the

ith row of the matrix B, and we can write

[m1] [0B1]

[174,] (0B,

Since M is a rational homology 3-sphere, B is a nondegenerate integer matrix. There-

fore, there are unimodular integer matrices C' and R such that

4t 0 - 0
_ 0 ty -+ 0
CBR=T = L _
0 0 - t,

with t; € Z,, + = 1,...,n. This fact is essentially equivalent to the fundamental

theorem of finitely generated abelian groups.
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Therefore,

[m1] [aBl]
(C.1) TR™! : =-C :
[174,] (0B,

The matrix R™! is integer, therefore we can consider a new generating set for Cy (M)

The equation (C.1) implies that every 1-cycle ¢;h; is homologically equivalent to 0 in
M.

Now we will find the matrix A" of the linking pairing £3; in the generators
[h1], .-y [Pn]. Let B = (T3j)nxn and C' = (¢ij)nxn- Notice that my-By, = alg(ms, By) =

6*q,, where 6¥ = 1 if k = s and 0 otherwise, k,s =1,...n. Then

hi L e n_ C; B 1 i - L
L, ) = 2 B Ly (Znsms,ZCjkB’J )
J s=1 k=1

i

1™
= -7 Z?iscjs(h-
tj s=1

[m1] (]
Therefore, A* = —R71QC*T~!. Since : =R : , we have

[mn] [hn]
A™ = RA"R' = —QC'T'R'.
It remains to notice that

T—l — R—IB—IC—I — (Ct)—l(Bt)—l(Rt)—l_
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Thus,
A" = —Q(B) ' = -Q(B'Q) = -B".

The last equation follows from the fact that B is symmetric. O
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